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Abstract. Let <j> £ C°°(C") be a given real valued function. We assume that 
ddtf> is non-degenerate of constant signature (n_ , n+ ) on C n . When q = ra_ , it 
is well-known that the Bergman kernel for (0, q) forms with respect to the fc-th 
weight e~ 2ft ^, k > 0, admits a full asymptotic expansion in k. In this paper, 
we compute the trace of the second coefficient of the asymptotic expansion on 
the diagonal. 
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1. Introduction and statement of the main result 

Let L be a holomorphic line bundle over a Hermitian manifold (M, 0), where 
is a smooth positive (1, l)-form on M, and let L k be the fc-th tensor power of L. 
Let Dr" be the Gaffhey extension of the Kodaira Laplacian acting on (0, q) forms 
with values in L k . The Bergman kernel is the distribution kernel of the orthogonal 
projection onto Ker in the L 2 space. We assume that the curvature of L is 
non-degenerate of constant signature (n_,n+) on M and let q = n_. When M 
is compact, Catlin [2] and Zelditch [T7] established the asymptotic expansion of 
the diagonal of the Bergman kernel for q = n_ = and Bcrman-Sjostrand pQ, 
Ma-Marinescu [H] established the asymptotic expansion of the Bergman kernel for 
q = n- > 0. When M is complete and L is uniformly positive on M with \/—\R K ** 
and dO bounded below, where R Km is the curvature of the bundle of (n, 0) forms, 
Ma-Marinescu (T3| obtained the asymptotic expansion of the Bergman kernel for 
q = n_ = 0. More generally, if M is any complex manifold and □l 9 ' has 0(k~ n °) 
small spectral gap on an open set D <e M (see Definition 1.5 in [5], for the precise 
meaning of 0(fc~™°) small spectral gap), then it is known by a recent result (see 
Theorem 1.6 in [3]) that the Bergman kernel admits a full asymptotic expansion 

l 
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in k on D. The coefficients of these expansions turned out to be deeply related to 
various problem in complex geometry (see e.g. [3], 0], 0). 

The first four coefficients of the expansion of the Bergman kernel for q = n_ = 
on the diagonal were computed by Lu 1 1 1 j . The method of Lu is to construct appro- 
priate peak sections as in [IB], using Hbrmander's L 2 -method. Ma-Marinescu [TS] 
calculated the first three coefficients of the expansion of the kernel of Berezin- 
Toeplitz quantization on the diagonal by using kernel calculations on C". The 
author [3] gave a new method to calculated the first three coefficients of the ex- 
pansion of the kernel of Berezin-Toeplitz quantization on the diagonal by using 
microlocal analysis. All these results are concern q = rt_ = 0. 

In this paper, we give for the first time a formula of the second coefficient of the 
expansion of the Bergman kernel for q = n_ > on C™. We calculate the trace of 
the second coefficient of the expansion of the Bergman kernel for q = rt_ > when 
M = C" and L is the trivial line bundle C endowed with the metric |1| 2 = e~ 2< ^, 
where (j> g C°°(C™) is a given real valued function with ddcj) is non-degenerate of 
constant signature (n_, n + ) on C". There are two ingredients of our approach: the 
phase function version of the asymptotic expansion of the Bergman kernel and the 
method of stationary phase. Even through the calculation is quite complicate, the 
arguments in this paper are simple. 

After the paper was completed Wen Lu 10 informed the author that he also ob- 
tained the formula for the coefficient b\ by using the method of Ma-Marinescu [13] . 
Moreover, Wen Lu [10] obtained the formula for b\ on general compact complex 
manifolds. 
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1.1. Notations. Let f2 be a C°° paracompact manifold equipped with a smooth 
density of integration. We let T(S!) and T*(f2) denote the tangent bundle of fl 
and the cotangent bundle of fl respectively. The complexified tangent bundle of 
and the complexified cotangent bundle of will be denoted by CT(f2) and CT*(f2) 
respectively. We write < , > to denote the pointwisc duality between T(f2) and 
T*(fi). We extend < , > bilinearly to CT(fi) x CT*(0). Let E be a C°° vector 
bundle over f2. The fiber of E at x <G £1 will be denoted by E x . Let Y CC £1 be an 
open set. From now on, the spaces of smooth sections of E over Y and distribution 
sections of E over Y will be denoted by C°°(Y\ E) and @'(Y; E) respectively. Let 
§ '(Y; E) be the subspace of &'{Y; E) whose elements have compact support in Y . 
Put Cg°(Y; E) = C°°(Y; E) f)£'(Y; E). We let L 2 (Y; E) denote the I? space of 
sections of E over Y . 

We shall denote the real coordinates by Xj, j — 1, ...,2n, and the complex 
coordinates by z = (z\, . . . , z n ), Zj — X23-1 + ix2j, j — 1, . . . , n. Let A 1 '°T(C n ) 
and A 0,1 T(C") denote the holomorphic tangent bundle and the anti-holomorphic 
tangent bundle of C™ respectively. We take the Hermitian metric ( | ) on CT(C n ) 
such that (£- | = (J- 1^) = S j>k , j,k = l,...,n, A lfi T(C n )±A°- 1 T(C n ), 

where £- = Kdb - *ak)> 4 = Kadh + j = x > • • • ' n > and 5 S>* ^ 1 

if j = k, 6j. k = if j ^ k. For p,q>0, p,q eZ, let Ap>«T*(C") be the bundle of 
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(p, q) forms of C". We say that a multiindex J = (ji, - ■ ■ ,j q ) G {1, . . . , n — l} q has 
length q and write \J\ — q. We say that J is strictly increasing if 1 ^ j\ < j 2 < 
■ ■ ■ < j q ^ n — 1. For multiindices J = (ji, ■ ■ ■ ,j q ), K = (fei, . . . , fc p ), we define 
rfzx A cfzj := dzfcj A • • • A dzk v A cfz^ A • • • A dzj . We take the Hermitian metric ( | ) 
on AP'9T*(C") so that {dz K A dzj : \K\ = p, \ J\ = q, K, J are strictly increasing} 
is an orthonormal frame for A™T*{C n ). Let T G if (AP'iT*(C n ), AP'«T*(C")). 
Then the trace of T is given by 

(1.1) TiT — Y^' {T(dz K Adzj) \ dz K Adzj), 

\K\=p,\J\=q 

where J2' means that the summation is performed only over strictly increasing 
multiindices. Thus TrT = if 

(1.2) (T(dz K A dzj) | dz K A dzj) = 

for all strictly increasing multiinindices K, J, \K\ — p, \ J\ = q. 

If we K° :i T*{£ n ), let uA* : A°^ +1 T*(C n ) -> A°^T*{C n ) be the adjoint of left 
exterior multiplication w A : A°<«T;(C™) -> A°<« +1 T;(C™). That is, 

(1.3) (w A u | v) = (u | w A '*u), 

for all u G A°'9T*(C"), w G A°'9 +1 T*(C"). Notice that uA* depends anti-linearly 
on to. 

Let E, F be C°° vector bundles over a smooth manifold M. We say that a 
/c-dependent function f(x, y, k) G C°°(M x M; J?(E y ,F x )) is negligible if for every 
compact set K C M x M and for all N > and multiindice a, f3, there is a constant 
CN,a,f),K > independent of k such that for k sufficiently large, \d x d^f(x, y, k)\ < 
c a ,t3,Kk~ N , {x,y) G if. Let b{x,y,k) G C°°(M x M; J£(E y , F x )) be a /c-dependent 
smooth function. We write 

oo 

6^^6 J ( a; ,y)fc- Wo - J 
o 

in C°°(MxM; J?(E y ,F x )), bj(x,y) G C°°(MxM; &{E y ,F x )), j = 0,1,..., if for 
all Mo € N, every compact set K C M x M and for all multiindice a, /3, there is a 
constant cu a ,a.fi,K > independent of A; such that for k sufficiently large, 

Mo 

dZtfib-^biix^k-"*-*) 



(x,y) G A". 

1.2. The asymptotic expansion of the Bergman kernel. Let <f>(z) G C 00 ^"; R). 

In this work we assume that ^ g- g Zk J is non-degenerate of constant signatute 

(n_,n + ). That is, the number of negative eigenvalues of (^ d ^.g Zk ) is n_ and 
n_ + ra + = n. 

We take dm — 2 n dx\dx 2 ■ ■ ■ dx 2n as the volume form on C™. Let ( | ) be the 
inner product on C§°(C n ; A°^T*(C")) defined by 

(1.4) (/ | g) = [ (f(z) | g(z))(dm), f,g G C °°(C"; A°>*T*(C")). 

For k > 0, let ( | ) fe be the inner product on C* °°(C rl ; A°'«T*(C n )) defined by 

(1.5) {f\g) k =f (f(z)\g(z))e- 2k ^\dm), f, g G C °°(C"; A°*T*(C n )). 



< CM ,a,/3,Kk' 



-JVq-Mo-1 
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Let L 2 q (C n ) and L 2 qk {C n ) be the completions of C£°(C"; A°>«T*(C 11 )) with respect 
to ( | ) and ( | )fc respectively. We extend the L 2 inner products ( | ) and ( | )fe to 
L 2 (C n ) and L 2 k (C n ) respectively. 

Let d : C°°(C"; A '«T*(C n )) -> C°°(C n ; A°' 9+1 T*(C n )) be the part of the 
exterior differential operator which maps forms of type (0, q) to forms of type (0, q+ 
1). We extend d to L 2 qk (C n ) by 

(1.6) d k : Domft ; C L\ fc (C") ^ +1 , fc (C") , 

where Dom^ := {m e Z^ fe (C ra ); 9u G fc (C")}, where 9m is defined in the 

sense of distributions. We write 

(1.7) X : VomT k C ^ +1 , fe (C") L* fc (C) 

to denote the Hilbert space adjoint of d k in the L 2 space with respect to ( | )&. Let 
denote the Gaffhey extension of the Kodaira Laplacian given by 

(1.8) D[ q) = d k dl + dtA : DomD^ C L* fc (C») -> L» fc (C»), 
where 

DomD^ = js G iq lfe (C n ); s G Domd k n Dom^*, d fc u G Dom^!, d fe *it G Domd fc 

By a result of Gaffney [131 Prop. 3.1.2], □£. is a positive self-adjoint operator. Let 

(1.9) n^:L^(C")^Kern^ 

be the Bergman projection, i.e. the orthogonal projection onto Ker □! with re- 
spect to ( | ) fc and let H k (z, w) be the distribution kernel of with respect to 
the volume form dm. Since \3 k is elliptic, it is not difficult to see that 

n k q) {z,w) G C°°(C ri x C"; if(A°' 9 T*(C n ),A°' 9 T*(C n )). 

We write 

U {q) u(z)= [ U {q) (z,w)u(w)dm(w), 
JC" 

u G Cg°(C n ; A°^T*(C n )). 

It is well-known that \3 k has spectral gap > Ck, for k large, where C > is 
a constant independent of fc. From this observation and Theorem 4.12, Theorem 
4.14 in [S], we deduce the following 

Theorem 1.1. Let0<q<n. If q ^ n_, then e- fe *Wnf (z,w)e k *^ is negligible. 
If q = n_, £/ien 

(1.10) Il k q) u(z)= [ e ik ^ z < w ^e k ^-^h(z,w,k)u(w)dm(w) + Ru, 

JC" 

for z G C", u G ig, fc (C"), w/iere 

OO 

6~ 5Z& 3 -(;z, «?)&"-•' 
o 

m C 00 ^™ x C";^f(A°' 9 T*(C"),A°'«T z *(C n ))), 

6j G C°°(C n x C ri ;^ , (A ^T;(C™),A ^T z *(C ri ))), 

J = 0,1,-.., 



r(z,w,k) is negligible and G C°°(C" x C"), ip(z,z) — 0, ip(z,w) = —tp(w,z), 
lmip(z, w) > c \z — w\ 2 , c > 0. for z = w, we have 

. .9^ <9t/> .d(f> 9-0 -^0 

dz dz' dz dz 1 dw dz ' dw dz 



Moreover, 

(Ll2) 



dip(z,w) d<p(z)\ ( .dijj(z,w) 96(z) 
i 



vanishes to infinity order on z = w. Furthermore, the Taylor expansion of the 
phase ip(z,w) is uniquely determined at each point of z = w. 
In particular, 

(1.13) U[ q) (z,z)~k n bo(z,z) + k n - 1 b 1 {z,z) + k n - 2 b 2 (z 1 z) + -- - . 

The leading term bo(z,z) is essentially well-known (see formula (1-24) in Ma- 
Marinescu [12] ) 

Theorem 1.2. Let q = n_. For p 6 C n , we assume that Xj(p), j = l,...,n, 
are the eigenvalues of yg§rg^ (p)j with respect to ( | ) and £/ia£ Aj(p) < if 

1 < J < H— . £ei Ui(p), . . . , U n (p) be an orthonormal basis of A 1,0 T p (C n ) such that 
< dd<f>(p),U s (p) AU t {p) >= 5 a>t \ s (p), s,t = l,...,n. LetTJ*{p), j = l,...,n, 
denote the orthonormal basis of A 0,1 T* (C n ), which is dual to Uj(p), j — l,...,n. 
Then, 

j=n- 

(1.14) b (p,p) = |A 2 (P)| • • • |An(p)| 7T-" J] U*(p) A C7;(p) A '*. 

3=1 

1.3. The main result. In order to state our result precisely, we have to introduce 
some notations and definitions. Let 

F : A 1 '°T(C") -> A 1,0 T(C") <g> A P ' 9 T*(C") 

be a linear operaor, where p,q £ Z, p,q > 0. We write F = (Fj ! fc)" fe=1 , 2^ € 
AMT*(C n ), l<i,Jfe<n, 



k = 1, . . . ,n. We have 



(1.16) (Ft/ | V) = 5^ u k VjF hk e A^T*(C n ), 

where C/ = £ti u fc £, V = £? =1 ^4 G A^ T(C»). 

Let T : A 1,0 T(C")) -> A 1 '°T(C")«) A r ''T*(C") be another linear operator, where 
r,t e Z, r,s > 0. We write T = (T i)fc )" fc=1 , Tj- fc € A r >*T*(C n ), j, fc = 1, . . . , n, as in 
(fTToll . Then 

TF : A 1,0 r(C n ) -> A^°T(C n ) ® A p+r ^ +t T*(C") 

is the linear operator defined by TF-^ = £™ - =1 ® (Tg.j A i^*,^), fe = 1, . . . , n. 
We assume that F is smooth. That is, 

F : C°°(C"; A lfl T(C n )) -> C* 00 ^™; A X '°T(C") <g> A M T*(C n )). 

Let 

(1.17) dF : C°°(C"; A 1 ' !^")) -> C*°°(C™; A 1,0 !^") <g> A M+1 T*(C n )) 



be the smooth linear operator defined by dF^- — Y^j=i w~®(dFj,k)i k — 1, . . . , n. 
Similarly, 

(1.18) dF : C°°(C n ; A 1,0 T(C™)) -> C°°{C n ; A^°T(C n ) ® A p+1 ' g T*(C n )) 

is the smooth linear operator defined by dF-^- = Y^j=i ~§z~ ® k = 1, . . . , n. 

Let 

(1.19) M : C°°{C n ; A 1,0 T(C™)) -> C°°(C"; A^ T(C™)) 
be the smooth linear map defined by 

(1.20) (M^U | V) =< dd<f>, U AV >, 

U,V € C°°(C"; A 1 '°T(C™)). Note that M,* = f -J^T in the sense of (fTTTSl) . 

\ az 3 OZk J j,k—l 

We write M^ 1 : C*°°(C n ; A 1 '°T(C")) -> C°°(C"; A 1,0 T(C")) to denote the inverse 
of Af . 

We recall that we work with the assumption that is non-degenerate of con- 
stant signature (n_,n + ). For z g C™, we can diagonalize M${z), i.e. we can find 
an orthonormal basis {U } n ]=1 of A 1 '°T(C") such that M^{z)Uj{z) = Xj(z)Uj(z), 
j = 1, . . . , n, Aj(z) 6R, j = l,,..,n. From now on, we assume that 

M^z)Uj{z) = Xj(z)Uj(z), Uj(z) e A^°T 2 (C"), (JJ S \ Uj) = 1, j = l,...,n, 
(1.21) 

Aj(z) < 0, j = 1, . . . ,n_, Aj(z) > 0, j = n_ + 1, . . . ,n. 

Let VF+ be the subbundle of A 1 -°T(C") spanned by {U n _+i, ...,U n } and let W- 
be the subbundle of A 1 '°T(C n ) spanned by {Ui, . . . , U n _}. We take the Hermitian 
metric ( | ) w on A 1 '°T(C n ) such that W+±W-, (U \ V) M = (M^U \ V) if U,V € 
W+, (17 | V) M = -(M^U \V)i£U,V € W- The Hermitian metric ( | ) w on 
CT(C n ) induces a Hermitian metric on Ap<«T*(C") also denoted by ( | ) w . 
The two form ddcf> induces a connection on the bundle A 1 '°r(C™): 

= d + 9 : C°°(C"; A^C")) -> C*°°(C n ; CT*(C") ® A ll0 T(C n )), 

j=l 3 l<j,k<n J 

where £ = £? =1 and = ft" 1 ^ = (0^) - fe=1 , ft = (gfe:)^^ We call B 

the connection matrix for dd<p. The curvature of the connection is given by 

e^ = ^ = (^- fc )2 fc=1 = (e i , fc ); >fe=1 , 

(1.23) 

:: ' . i / y ' /./, ^/,- . . 



6 : C^OC"; A ll0 T(C n )) -> C°°(C"; A 1 ' 1 ! 1 *^") ® A 1,0 T(C n )), 



5 5 



For j = 1, ... ,n, define 

<S,-(fc) =0 if {j,k} C {l,...,g} or {j,k} C {g+l,...,n} 
(1.24) 5 3 -(fe) = l otherwise. 
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Define 

Q : A lfi T(C n ) -> A 1 '°T*(C n ) <g> A^°r(C n ), 

|A,|40-) + |A s |4(s) 



< (QU, | U k ),U. >=(| AJ + | A ,j tm + | A , Wll) -WWx 



(1.25) K " V|A fc | + |A,|4(j) + |A s |4(s) 



|A S | 2 , 1 1 x2 

(|A 3 | + |A fe | + ^1)^^-1 + ^1 + |A fc | + |A.|' 

It is not difficult to see that the definition (11.25)) is independent of the choices of 
eigenvectors U\, . . . , U n . 
Define 

(1.26) R = 9 - (dM^ l )Q : A 1 '°T(C n ) -> A 1 ' 1 T*(C n ) ® A 1,0 T(C n ). 

Put ej = — 7==f j, j = 1, ... ,n, where Uj, j — 1, . . . , n, are as in (|1.2ip . The 
main result of this work is the following 

Theorem 1.3. Under the assumptions and notations above, let q = n_. For 
p € C™ and for b\ in (|1.13p , we have 

TTbi(p,p) 

= 2»|A 1 (p)||A 2 (p)|---|A„( F )| 7 r-"x 

( a 3,kAp) < {dM^Uj | U k ), U s > 2 (p) 

l<fc<g,g+l<j<n,l<s<n 

+ 1 E (! + ^-( fc ) It! i I xl ) < ( Re * I e *W g j A e * > (p) 

(1.27) |Ajl + |A fe | 

" IA I 

- E .ix I ^) | (5M e fe | e k )) w {p) 



j'=i 



2 

(P) 



where for j, k, s = 1, . . . , n, 

noR , M S k (j)8 k (s) |A.(p)| 

(1.28) aj,k,s(P) - 



2(\\ 3 (p)\ + \\ k (p)\) 2 (\^(p)\ + \Mp)\ + IUpW 1 

Remark 1.4. It is straight forward to see that the right side of (|1.27l) is real (see 
(|5.20p ) and is independent of the choices of eigenvectors U\, . . . , U n . 

2. The Taylor expansion of ip(z, w) at z = w 

From now on, we assume that q = n_. The goal of this work is to compute 
Tr&i(p,p), for p G C™. We may assume that p — and by taking unitary transfor- 
mation, we can assume that near 0, 

n n 

4>{z) = a Q + ^{ajZj + ajZj) + ^ x j \ z i>f + 0(\z\ 3 ) : 
i=i j=i 

where Ai, . . . , A n are eigenvalues of M^, oq € R, dj € C, j = 1, . . . , n. Put (j) = 
(j> — o,q — X)j=i( a i z j + an d let be the Bergman projection with respect 

to e^ 2k ^ as in (|1.9p . It is easy to see that 

11^ = e ka ° +k ^j=i a i z o o o e ~ kaa ~ k ^]=i a 3 z i _ 
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Thus, the coefficients of the asymptotic expansion of the kernel of Ilj^ on the 
diagonal are the same as the coefficients of the asymptotic expansion of the kernel 

ofni 9) . 

From the discussion above, we may assume that 



(2.1) cj>(z) = Ai M 2 + A 2 \z 2 \ 2 + ■ ■ ■ + X n \z n \ 2 + 0{\z\ z ) 



near z = 0. Suppose that Xj < 0, j = 1, . . . , q, and Xj > 0, j = q + 1, . . . , n. In this 
section, we are going to compute the Taylor expansion of ip(z,w) at z = w = 0. 
We introduce some notations. For a = (cui, . . . ,a„), ay € N1J0, j = 1, . . . ,n, we 
put a' = (ai,...,a g ), a" = (a q+ i, . . . , a n ). We write < A', a' >:= X^=i 
< A", a" >:= £"=,+1^-, < |A'|,a' >:= E^ilAjkj and < |A"|,a" >:= 
X^j= 9 +i I A? I a j- The main goal of this section is to prove the following 



Theorem 2.1. Under the assumptions and notations before, we have 



il>(z,0)=i^2\\j\ \z 



2 

3 I 



< A", a" > + < X', j3' > u V 



^ < |A"| ,a" > + <\X'\,f3< > dz^dzP v ; a!^! 



2 



~ E.. . |A.| + |A,l + |Aj (-^-' Afc '-' A - 



2 ,+i<^,i< s < 9 N + l A *l + l A s 
2 IAj-1 |A fc | , 2|Aj||A fc |\ a 3 



(2.2) 



-(0)zjZ fc z s 



|Aj| + |A s | |A fc | + |A S |/ dzjdzk&Zs 

+ ~2 S ^Tto( |A3| + W + |As| 

g+l<j<n,l<t,s<9 1 11 11 

2|A t ||A s | 2|A t ||A s | 



\ cr<p 

) dzidztdz, z j z t z s 



|Aj| + |A t | lA.i + iA.iyaz^t^ 

"V,£ £ „w: <0)w ' 

l<j,fc,s<g J 



in some neighborhood o/O. Moreover, we have 
d 4 ^ 



dzjdzjdzkdzk 



(0,0) 



2% |Aj- 



§("(^•1 + 1**0(1**1 + 1^1) 

, 2»|A t ||A fc ||A J -| 
(N + |A fc |)(|A t | + |A fc | + |A,|)' 



dztdzjdzk 



, 1 1 
l |A J -| + |A t | + |A i | + |A fe |' 

2*^-1 



dztdzjdzk 
d 3 cj) 



(0) 



(0)^1^(0) 



(2.3) 



( | A j | + |A t |)(|Aj-| + |Afc|) dz t dzjdzj &z t dz k dz k 



+ 



2i \\ k 



, , ;+! (|A,| + |A fc |)(|A t | + |A fe |) 

g^AtjjAfcljA^j 
(lAil + lAfcQOAtl + lAfcl + lA.-l) 2 
1 1 



5 3 



&z t dzjdz k 



(0) 



+ 



|Aj| + |Afc| |A t | + |A fc |' 
2z | A fe | 



a3 * (0>' 



dz t dzjdz k 
d z <t> 



(0)- 



+ «7 



(|A fc | + |A t |)(|Aj| + |A fe |) dzt&Zjdzj &z t dz k dz k 
Xi + X k d 4 c/> 



(0)) 



-(0), 



\Xj\ + \X k \ cfZjdzjCTz k dz k 
where q + 1 < j < n, 1 < k < q, 

d 4 ip ^/ 2/ 



dzjdzjdz k dz k 



(0.0) =£( 



(2.4) 



^ V (|A t | + |A,l + |A fc |)' 

lA.NAfcl lAjMAfcl , 
\X j \ + \X t \ \X k \ + \X t \ } 

dz~jdzjdz k dz k ' 



■(M + M + |A fc | 



(o) 2 

dz t dzjdz k 



where q + 1 < j, fc < n, and 
9V 



2/ 



(2.5) 



t= g+ i (|A t | + |A,l + |A fc |) 
|A fc | + |A t | |A 3 -| + |At|- 

■ -(0), 



■(lAtl + lA^I + lAfcl 



dz t dzjdz k 



&Zjdzj&z k dz k 
where 1 < fc < q. 

To prove Theorem 12. 11 we first need the following (see [7], for a proof) 
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Proposition 2.2. Under the assumptions above, we have 

n n 
4>{Z, w ) = i Y I A J I \ z j - w 3 I 2 + i Y X j( Z j W j - WjZj) 

(2.6) U U 

+ 0(\(z,w)\ 3 ) 

near z = w = 0. 

From (|2.1j) and (|2.6[) . we may write 

n n 

^{z,w) = iJ2 | Xj | |zj - Wj | 2 + i Y A i _ 
(2-7) j = i j = i 

+ ^3(2;, w) + il>i(z, w) H , 

where ipj(z,w) is a homogeneous polynomial of degree j in (z, tu), j = 3,4, . . ., and 

n 

(2.8) <Hz) = 5> J |z J | 2 + 3 (z) + 4 (z) + --- , 

3=1 

where 4>j{ z ) is a homogeneous polynomial of degree j in z, j = 3, 4, . . .. Now, using 
P?f|) and d^Hl) in (fTT^I) . we get 

D((2A i (* J - «,,) + *_ + _+ *_ + _) 



(2.9) 



3=1 

.9^3 . 903 .904 . 90 4 

x a — h n *a — h 

ozj ozj ozj ozj 

, y- //,9^3 | 903 | .dip 4 | 9^4 v 

' V 9z\- 9z,- 9z, dz~j ' 

j-q+l J J J J 



_^ .9^3 . 903 .9^4 . 904 \ 5 

We regroup the terms in (I2.9[) according to the order. Then, the order three and 
order four terms are the following 

dip 3 (z,w) -A d^ 3 (z,w) 



(2.10) 



— 9:, ^ -."j.-j ^ 

3=1 J 3=9+1 



v^ ox / ^90 3 (z) v-^ o\ — \ 903 (^) 

3 „_i_i j 



3=1 J 3=9+1 



(2.11) 



where 



/ \ v^o-u 1 ^4(2, w) .i, 1 - 9i/> 4 (z, w) 

Tipi(z,w) - 2_^2i\A j \w j — — 2^ 2l \ x i\ w 3 — — 

3=1 J 3=9+1 J 

V^ , , ^90 4 (z) -A „. _^90 4 (z) 

= -Z^ 2A ^ Z ^^)^^" 2-, 2A 3( Z J - W 3')^^ 

3 •>— „ . 1 3 



3=1 3=9+1 



E 

3=1 



.dtpz(z,w) 90 3 (z)w .dip 3 (z,w) 90 3 (z) 
« ^- 1 ^- — - « 



9zj 9z"j / V dzj Ozj 



9 A , 9 



(2.12) T= ^2i|A,-|^— + 2i l A il^ 



9z, ' 9z, 

3=1 3=9+1 
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Let 

(2.13) ^3=^3+^3+^3+^!. 

where ip^ is a homogeneous polynomial of degree j in w, j = 0, 1,2,3. Now, we 
write (I2.10p according to the degree of homogenity in w, we get 

(2-14) T^ = -±2X jZj d -^- ± 2X j z j ^, 



(2.15) T^ 3 = £2A^H— + —)+y j 2X jWj ^— + — ), 

j=i j=«+i J J 

(2.16) Ttf = y £2i\\ j \w j ?j& + £ 2z|A,|^gi. 

i=i J .7=8+1 J 

We need 

Lemma 2.3. M^e use i/ie same notations as before. Let 

9 = g a ,/3, 1 ,s~z a z l3 w' 1 w s ,h = ^ ha^^^z^uPw 8 , 

where a — [ptx, . . . ,a n ), ctj G NljO, j = l,...,n, and similar for j3, 6. If 
Tg = h, then 

(2.17) fca,/i l7 ,5 = K,/3') =0, 

(2.18) ^ = LiAT.^^m,^^ ^ 4/ ^> * °- 

Proof. From the definition of T (see f|2.12p ). we can compute 

' j'Yji 



T(ffa,/3, 7 ,5^ Q 2 /3 W 7 W' 5 ) = 



if (a",j8') = 0, and 

T(g a ,p„,s2 a z li w f vj 5 ) = 2i{< \X"\,a" > + < \X'\,[3' >)z a z< 3 HPw 1 ' ' g a ,0 a ,5 
if (a", /?') ^ 0. From this, the lemma follows. □ 

We have <p3 = Yl a^J^ W^ff' w ^ere a! = aila^! • • -a„! and similar for /3\. 
From this, we can compute 

(2.19) 

= -2 £ «v, (I »> + <y,^»f 5 i r3 |± J (o). 

|a|+|/3|=3 

From (|2~T7)1 . (j27T8| and (|2~T9j) . we deduce that 
(2.20) 

_. v-^ d*4> f-. fzf* <\",a"> + <\',!3'> 

2-f &z a dzP { )} a\/3\ <|A"|,a"> + <|A'|,/3'> + - 9lZj ' 

|a|+|/3|=3,(a",^')#0 K 1 " 11'^ 

where ^^# = if (a",/3')^0. 

Now, we compute ip\. From (|2.20p . it is straight forward to see that 

r9 9-n ^± <n\ < A '>" > + <A , ,/3 / >+A, 



^ 2 a!)3! dz^dz^dzj v ; < |A"| , a" > + < |A'| , (3' > + \X 3 -\' 
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where 1 < j < q and 

M-< >T <A",a"> + <A',/3'>+A ; , 



S« 7 - ^ a\0l dz a dzPdz j K ' < \\"\,a" > + < |A'| ,0' > + |A 7 -| ' 

|a;|+|/9|=2 J 11 II"" 



where g + 1 < j < n. From (|2.21|) and (|2.22[) . we can check that 



j=l J J j=q+i J J 

^ z^^j d 3 4A i <|A"|,a"> 



, ;| _, a!/3! d^dz^dz^ y < |A"| ,a" > + < |A'| > + |A,| 

» z^%- 9 3 4A i <|A'|,/3'> 

Z^ Z^ nJtf! tf^/^tfr, ^ 



M+|; _, 9z«az^z J w <|A"|,a"> + <|A'|,/3'> + |A J |' 



From this, we deduce that 
(2.23) 



3=1 |a| + |/3|=2,a'V0 



dz a dzPdz 3 
2|A J |<|A"|,«"> 



(< |A"|,a" > + < |A'|,/3' >)(< |A"|,a" > + < |A'| ,/?' > + |A i | 
2- \ a\B\ dz a dz?dz^ ' 



aWl dz a dzP&z, 
2|A,| < \X'\,0'> 



(< \\»\,a» > + < \\>\,/3> >)(< \X"\,a" > + < \\>\,0> > + \X j \) 



where ^^=0 if (a",0')^O. 

Now, we compute From (|2.23p . we can compute 



(2.24) 



+ h(z, w), 



3=1 



9 3 ^-4|A^||A fc ||A 



1 /_ d 6 cj> 



t 1 ! 



•|A fc | + |A,-| |A fc | + |A s |' 

S fcz^,^ ^^ (0) 

l<i<9,9+l<fc<™,|a| + l^l = l 

4|A 3 ||A fc |(< lA^/j^+IA,!) 

(< |A"|,a" > + < |A'|,/3' >+|A,|)(< |A"|,a"> + < |A'|,/3' > + |A,| + |A fc |) 
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and 
(2.25) 



j=q+l 3 



E 2*|A. 



1 ( _ _ , n > 

2 E lWfett( ' 



9> 4|A,||A fc ||A 



dzk&Zjdz s |A fe | + |Aj| + |A S | 



X (l 



•lAjl + IAfcl |A fc | + |A s | 



4|A J -||A fe |(<|A"|,a"> + |A fe |) 



' dz a dz$dzSzh 

l<j<<?.9+l<fe<™,l«l + l/3| = l 



(< |A"|,a"> + <|A'|,/3'> + |A fe |)(< |A"|,a"> + <|A'|,^> + |A fc | + |A i |) 
We rewrite the last equation in (|2.24l) : 
(2.26) 



l<J<9 I 9+l<fc<",|a| + l/3| = l 



&Z a dz l3 dZj&Zk 

4|A J ||A fe |(< lA'l^^+IA.I) 



(< |A"| ,a" > + < |A'| > + |A,|)(< \X"\,a" > + < |A'| ,/?' > + \X 3 \ + |A fc |). 

V __ 4|A fc ||A/ d*4> 

q+ i< s ,knA< 3 < q ZSWkW3 (|As| + |A ^ l)(|As| + + |Afe|) ^dz,dz k [ > 

4|A fc ||A 7 -| d 3 cj) , n . 

+ V z s w k w J n * 1 ' - — y 

l<i<9,9+l<fe<",|a| + l/3| = l:(ct",/3')=0 



+ S... '-^SA;* 



Similarly, we rewrite the last equation in (|2.25[) . 
(2.27) 



d 3 ^ 

z^dz 

4|A J -||A fc |(< |A"|,a"> + |A fe |) 



l<j<9>9+l<fc<"',|a| + l^l = l 



(< |A"|,a"> + < |A'|,/3'>+|A fe |)(< |A"|,a"> + <|A'|,/3'>+|A fe | + |A i |) 

~ g+1 < s ,k^< q ^ + M + ^ a*.<W 0) 

9+ i< fc <t"i<^</ sWfc ^ (|As| + |Afc|)(|As| + |A ^ + |Afc|) to' 9 * 9 ** 
+ y z"^ fcW - - 4|Afc||A ^ ^ (o) 
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Combining ([5^5]) . (|2~27|) with ([^M]) and (|2~2"5j) . we obtain 



(2.28) 



j = l J j=<3+l 



L 



2 ^ V J &Zkdzjdz s lAfel + |A,-| + |A. 

x ( 



N + IAfcl |A fc | + |A s | 
1 ( __ 4|A 3 ||A fc ||A 

x( ^ 



dzk&Zi&z s lAfcl + I A, I + I A. 



lAjl + IAkl |A fc | + |A.|' 

V __ -4|A fc ||A 3 -||A a | 

q+ i< s ,kn,i<i< q (|As| + |A ^ l)(|As| + + |Afc|) te,dzidz k 1 j 

V _ 4|A fc ||A J -||A fl | d 3 ct> 



From this and Lemma 12.31 we get 



(2.29) 



'dz k dzjdz s |Afc| + \Xj\ + |A S | 

<j+l<fc<n,l<j,s<<j J 



, 1 1 

X 



M + lAfcl |A*| + |A.|' 

Et d 3 <j> |Aj||A S | 
[ZkWjW, (0) 

l<fc<g,g+l<j\s<ri J 11 1 J 1 11 

/ 1 1 

X ^-| + |A fc | + |A fe | + |A s |- 

9+ i< fc <tri<i, s < 9 S (|A s | + |A fc |)(|A s | + |A^ + |A fc |)a* i a* i fl^ W 
+ r(z,io), 



where a - iagz/ J' = if (a",/3') ^ 0. Summing up, we get the following 
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Proposition 2.4. Under the assumptions and notations before, we have 



ip{z,w) =i^|Aj| \zj - Wj\ 2 +i^2\j( 



ZjWj - w jZj/ 



3=1 3 = 1 



< A", a" > + < A', /3' > d z 4> z°z^ 
+ l ^ < \X"\,a" > + < lA'1,/3' >dz a dz^> a\/3\ 



; y v r j (o) 

^ ^ V a !/3! d^dzPdz^ ' 

3 = 1 |q| + |^|=2,q"#0 K 3 



d 3 <j> 
dz^i 

2 | A, | < |A"|,a"> 



(< |A"|,a" > + < |A'| ,0> >)(< |A"| ,a" > + < \\'\,j3> > + |A,|)< 
al/31 dT'dzP&Zj 



V- V- * e Wj uq> () 

]=q+l \a\+\p\=2,P'?0 

2|A,|<|A'|,/3'> 



(< \X"\,a" > + < \\'\,0> >)(< \X"\,a" > + < > + |Aj-|) 

Cn,l<j,s<g 

:i l 



+ / > f^^^ s (°) | Afc | + | A | + | As | 



v |A,| + |A fc | T |A fe | + |A s |< 

V ( __ 9 3 (ns |Aj-| |A 
^ ( ZfeW ^dz^WVl + IA,l 



l</c<q,g+l<j,s<n 

l l 



v M + |A fe | |A fc | + |A s | 
q+ i< s ,knA<3< q S J (|A,| + |A i |)(|A s | + |A,-| + |A fc |)9l s ^ fc U 

\+i<*j£<i,.<, ' (|As| + |Afc|)(|As| + ^ + |Afc|) 9z ' dz ^ 
+ R(z,w) + 0(\(z,w)\ 4 ), 

where R(z,w) = 0(\(z,w)\ 3 ) and 9 ^ d ^ R = if (a", (3') ^ 0. 

Now, we are readay to compute d ^ a g z /j (0, 0), where |a| + |/?| = 3 and (a" , j3') = 0. 
We compute ^^f^^ (0,0), 1 < s < q, q + 1 < j , k Q < n. From ip(z,w) = 
—ij)(w, z), we have 



^ 2 d 3 ip(z,w) _ d 3 ip(z,w) 



To compute «= — f ^ a — (0, 0), it is equivalent to compute -g a _ — (0, 0). From 



dz So dz jQ dz ka dw So dw jo dw ko 

p. lip , wc know that 

(2 32) d H z , z ) = A d(j){z) 

dw jo dz jo ' 

Differentiate (|2.32p with respect to Zfc , we get 

d 2 ip(z,z) d 2 i)(z lZ ) . d 2 4>(z) 
( 2 - 33 ) a ^ 5= + 5= 5= = -*1 



dw jo dz ko dw ja dw ko dz ko dz 3 
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Again, differentiate (|2.33[) with respect to z SQ , we get 

"** -«M0 + = Z*_ (0.0) 



(234) dw jo dz k a z So ' dw jo dz ko dw Su 

+ ^_ fl (0,0) + ^_ a (o,o) = J% (o). 

dw jo dw ko dz So dw jo dw ko dw So dz ko dz jo dz So 

From (|2.34[) . we have 

(0,0) (0,0) 



(2 35) dw jo dw ko dw So ' dz ko dz jo dz So dw 3o dz ko z So 



" (M)- = (0,0). 



dw J0 dz ko dw So ' dw jo dw ko dz So 



In view of (I2.30[) . we see that 



_ (Q Q) = -2j|A JO ||A So | 

9wJ io <9z fco z S0 ' ( | A io | + | A fco | + | A So | ) ( | A fco | + | A So | ) dz ko dz jo dz So 

#V (0j0) = 2i|A j0 ||A SQ | ay (Q) 



dw jo dz ko dw So ' ' (|A io | + | Afco | + |A So |) ( |A fco | + |A So |) dz ko dz jo dz 
d 3 i> rnn ,_ -2i|A io ||A feo | 



■(0,0) 



dw jo dw ko dz So ' | A feo | + | X so | + | \ jo | 

, 1 1 v d 3 cf> 

X 1 1 K I + I A.o I + I Afeo I + I A s „ | ' &z ko dz jo dz So { >■ 

Combining this with (|2.35p . we have 

#V , nn i ( ■ -2i|A io ( |A a 



-(o,o) =( 



dw jo dw ko dw So ' V ' (|A io | + |A fco | + |A So |)(|A fco | + |A S0 |) 

2»|A J0 ||A S0 | 

(|A; | + |A fc J + |A so |)(|A fco | + |A so |) 

-2i|A io ||A fco | , 1 1 



(2.36) 



I Afc f) I + |A S0 I + lAjoTlAjol + |A S0 | |A feo | + |A S0 |- 
d 3 cj) 



-(0) 



dz ko dz jo dz 

S 

(-|A JO |-|Afeo|-|A So l 



i 



|Ai | + |A fco | + |A 50 | 

, 2|A io ||A fco | , 2|A io ||A*oh d 3 ^ 



I Ajo I + I K I I Afco I + I A So | / dz ko dz jo dz So 
From (|2.31[) . we obtain 



(0). 



d 3 ip 3 i 

dz jo dz ko dz S0 | X jo | + | A fco | + | X So , 



■(-|A JO |-|A feo |-|A so | 

(2.37) 



2 |A J0 | |A fc0 | , 2|A 30 ||A fc0 | A 



|Aj 1 + I A S0 1 I Afco | + | A So | / dz jo dz ko dz So 

We can repeat the method above several times to determine all the terms ^oq 3 z $ , 
(a",/3') — 0. The computation is straight forward. We omit the process. We state 
our result 
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Proposition 2.5. Under the assumptions and notations before, we have 



(2.38) 



< A", a" > + < A', /3' > d 3 <j) 



.., .. i , H0 <l*»l,«"> + <|A'l,^>as"9^ 1 '«W 

I E hWh (-M-H-W 

g+l<i,fe<n,l<s<9 

, 2| A i |]Afcj 2 IAj-1 |A fc | ^ 9 3 

| + |A S | + |A fc |- 
i ^ I 



|Aj| + |A s | |A fe | + |A a |/ dzjdzkdz 



) 8 ^ (Q)z z K z s 



9+l<j<ra,l<M<<? ^ 



|Aj| + |Afc| | Aj I + |A S |/ dzj&zkdz 



\ 0"<p 

J dz.ffZk&Z. Z j Z k z s 



2\X k \\X s \ 2jAfc||A s |^ 9 3 
|A,|- 

lj^i« (0)w + O(w4) ' 



in some neighborhood o/O. 

Now, to complete the proof of Theorem 12. 1[ we only need to compute the terms 
g- . d z-irz k d Zk (O7 0)i ^ < 3,k < n. We go through the steps in the computation of 
the case: q + 1 < j < n, 1 < k < q. The computations of the cases: 1 < j, k < q 
and q + 1 < j, k < n, are similar but simpler and is therefore omitted. Now, we 
compute ^4X^0 ( °' °)> 9 + 1 < io < n, 1 < fc < g. Take w = in (£JTJ, 
we obtain 



(2.39) 



We write 



T^ 4 (z,0) = _^(,_(* >0 ) + ^(z))( - .^-(*,0) + ^-(z)) 
-S 2A i z i^(*)- £ 2A,z-|^(z). 

j=l J j=9+l 3 



.0V>3/ n ^ , ! 2 _ 3 _ 

(2 40a) 1 = atZl ° Zko+atZlaZko +a t z io z k a 

+ a t z h z k + OLlz jo Zj + a 6 t z ko z ko + h(z), 



~*l^( z > ) + — = Pt z 3o z ko + Pt z jo z k + $ z j Q z k 



(2.40b) 1 dzt ' dz t 

+ Pt z jo z k + Pt z ]o z Jo + Pt~Zk Zk + r(z), 



wViot-o 9 h _ d h _ d h _ d h _ d h _ d h _ n j 

WllClC TT 7\ TT= ^ "0= <*^— 15 o= 15 o= dllLl 

dz jo dz kQ dz jo dz kQ dz jQ dz ko dz ia dz kQ dz jo dz jo dz ka dz ko 

d 2 r d 2 r d 2 r d 2 r d 2 r d_r r» Prrnn 

dzj dz ko dz jo dz kQ dz jQ dz kQ dz jQ dz kQ dz jo dz jo dz kQ dz k() 
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Proposition ^. 51 it is straight forward to see that if 1 < t < q, then 
2.41a) a\ = 0, 

2 41b) a 2 = gjAfeoj gVg 

* I A jo I + |Afc | &z t dz jo dz ko ' 

2 ,, pl 3^ 2|A t ||A fc0 | / 1 1 s 

' ' 4 lA t l + |A,-J + lA fc JMA,-J + |A i r \X<A + \X k A) dz t dz< n 



dz t dzj dz ko ' 
2.41e) af = 0, 

2.41f) af = 2 (0), 

and 

2.42a) p} 



|At| + |A JO | + |A feo |V|A io | + |A t | \\ jo \ + \\ ko \) dz t dz jo dz ko ' 
2.41d) a* = 2, ^ 3 



2|A J0 | d 3 <fe 
\X t \ + \X jo \ dztdz^dzko' 

2 42b) /3 2 = ^ ^ 

' ^ P * |A t | + |A, | + |A fcQ |9^- ^ fc0 ' 

2.42c) $ = 0, 

2.42d) = 0, 

2 - 42e ) ^= Jj' n i 3 *, (0), 

|A io | + | A t | dz t dz jo dz jo 
2.42f) /? t 6 = 0. 

If q + 1 < i < n, we have 
2.43a) a\ = 0, 

2= 2 |A fco | d 3 <fe 

I At | + |Aj | + |A feo | dz t &z jo dz ko ' 



2.43b) a 



2.43c) a? = 

2.43d) a 



4= 2|A fco | d 3 3 

I A* | + |A fco | &z t dz jo dz ko ' 



2.43e) = 0, 

I A t I + |Afc | dz t oz ko dz ko 



and 

2.44a) Pi = 2 



a 3 ^3 



dz t &z ]0 dz ko 

9 IX, I 

2.44b) /3 2 



2 _ 2|A i0 | a 3 ^ 



|Aj | + |Afc | dz t &z ]0 dz ko ' 

2 44c) ^^#^( I + I ) ^ (0) 

' J P * |A j0 | + |At| + |A fc0 | V|A j0 | + |A fc0 | + |A t | + \X k0 \) dz J0 dz t dz ko { h 

2.44d) Pi = 0, 

2 ' 44 °' ) ^ 2 dz t dz jo dz jo 

2.44f) ^ 6 = 0. 
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Now, using (|2.40[) in (|2.39p . we can check that 



<9 4 V>4 



2.(|A, | + |A fco |)^^ o - fco ^|zJ 2 |z fe ; 2 

n 

(2.45) = -J2( a lPt + « 2 ft 3 + o? t 0l + af Pi + c^ t 6 + a?#) \z j0 \ 2 \z k( f 
t=i 

- 2 < A » +A ^ 4^> |2|atj2+FW ' 



wnere dzj dzfm k dz k = 0. We recall that T is given by (|2~T2"j) . From (j2l5]) . we 
have 

9 4 ^4 



9z jo dz J0 dz ko dz ko 
i 



(2.46) = 2( | A . | + [Afe |) E + + «?A 2 + <4P\ + a 5 t (3? + a^) 



. Xj + A fco & 



4, 



I A j 1 + I Afco I &z J0 dz jo dz ko dz ko ' 
From (|2.4ip - (l2.44|) and (|2.46l) . it is straight forward to see that 



(2.47) 



<9 4 V>4 



<9 4 V> 



dzjo dz jo &z ko dz ko dz jo dz jo dz ko dz ko 



(0,0) 



2i \Xj 



9 3 



.tM|A J0 l + |Afcol)(|A t | + |A JO |) IJztdz ■ 

2»|A t ||Afc ||A JO | 
(|A,ol + |Afcol)(|A t | + |Afc | + |A, |) ; 



■(0) 



1 



|A,„| + |A t | |A i0 | + |A fc0 | 
2*|A i0 | 



a 3 ^ 



dz t dz jo dz ko 
d 3 (f) 



s-(o) 



(0)- 



9 3 



(|Ajol + |At|)(|Aj | + |A fco |) dz t dz jo dz JO dz t dz k „dz k , 



-(0) 



2i|A 



t £i V (|A Jo l + |Afcol)(|A t | + |Afc |) 



<9 3 </> 



&z t dz ja dz ko 



(0) 



2i|A t ||Afc ||A 



(|A, l + |Afcol)(|A t | + |A fco | + |A J0 ^ 



|A J0 l + |Afcol |A t | + |A fco |' 
2*1 Afco | 



<9 3 c/> 



dz t dz jo dz ko 
<9 3 



(0) 



(0)^^(0) 



( I Afco I + I At | ) ( | Aj 1 + | A fco | ) dz t dz jo dz jo dz t dz ko dz k(> 
■ Ajo + X ko d i <p 



\Xj \ + | Afc 1 dz jo dz jo dz ko dz h 



■(0). 
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Similarly, we can repeat the procedure above with minor change and get 

0V /„ „x 2 * 



dz jo dz jo 9z ko dz ko ' ^ V ( | At | + | AjQ | + | Afeo |) 

(2.48) _ I A jo I [Afcpj _ \ [AfcJ > 

|Aiol + W |A feo l + |At|' 

where <? + 1 < jo, fco < and 



(0) 



dz t dz jo dz ka 



■ r- > .- 3 -(0.0)= E G " ^(|At| + |A i0 | + |A A 



94 

2 



** -(0, 



dz t dz jo dz ko 



(2.49) _ lAjol [Afcol _ [AjpjjAfcJ 

|A fcD | + M |A i0 | + |A t | 

■ &± (Q) 
dz jo dz h dz ko dz ko 

where 1 < jo, fco < 

From (|^47)) . (|2"1S|) . (I2"lt9l and Proposition Theorem |2"7T1 follows. 

3. The transport equations for D k q ' 

3.1. The transport equations. In this section, we will write down the transport 
equations for D k and we will solve the first transport equation at z = w in some 
sence. The main reference for this section is pQ. We first derive representations 
for d, d k in spaces without exponential weights, by using the following unitary 
identifications: 



(3.1) 



L 2 q (C n ) o Lq k (C n ) 
u <-> u = e^u. 



Using p.ip . we get 

(3.2) du = e k,l, d s u, 
where 

(3.3) + 



3 = 1 



Now the formal adjoint of d s for the inner product ( | ) given by (|1.4I) is 

(3.4) a; = f:«-o(-^ + ^) 

where in view of the unitarity of the relation (13.11) . 

(3.5) d*u = e^dlu. 
We can identify the Kodaira Laplacian with 

(3.6) D k q) = d s d* s +d%. 
Put 

(3.7) ft™ :L 2 q (C") ^Kerfi® 
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be the orthogonal projection with respect to ( | ) and let fl^\z,w) be the distri- 
bution kernel of fl^ . From p. 21) and p. 51) , we have 

(3.8) Tli q) {z,w) = e~ k ^n { *\z,w)e k ^ w \ 
In view of Theorem 11.11 we see that 

(3.9) n { k q) (z,w) = e lk ^ z ^b{z,w,k) + S(z,w,k), 

where b(z.w,k) ~ J^T bj(z,w)k n ^ in C*°°(C n x C"; ££ (A°<iT*(C n ), A°'«I^(C n ))) 
and S^z, to, fc) is negligible. 

From (|3.3[) and (|3.9[) . we have 

(3.10) e^ft^ (*,")=£ + J^i 6 + E W- 

j=i J i j=i i 

From this and (|3.4[) . we can compute 

e *<WV(*,«;)=* ^(-, + )(, + )tBt d^ft 

-A d dip d(f> A * A 



(3.n, -^(^^)^'<£ 

L V^/ dip d<j> A .„ A db 
J,i=l J 

- E dZ?**^ 



Similarly, we have 



+*E^(-*^- + ^)^ & 

i,*=i J 

(3-) ^tng^wt 

3,t=l J J 

" d 2 b 



, . dz t dzj 

3,t=l J 
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Combining p. lip . (13. 12)) with dz(- o dz^'* + dz^'* o dzj = 5j t k, we get 



(3.13) 



j,t=i 

dz t y dz,j ' dz~j 



A d ..dtp dcp A .» A 



f fcV^f ■ ^ _^ ^(j) db 
dzj dz-j d~Zj 



3=1 

^ A . 9^ dcp db 
" dz-i &Zj dzj 



-E 



4=1 



dzjdzj 



We regroup p.!3[) according to the degree of k and notice that the leading term in 
Proposition 3.1. We have 



(13.13[) vanishes to infinite order on z = w and □jPnjj,' 5 = 0, we obtain the following 



-A 9 .dip dcp . A A .» -A 9 dip dcp A » A 
E ^"(-^ + 9^ ^ & ° ~ E + 5-)^ *J 6 ° 

(3-14) 3 ' n 

+ V7- i— + j^\f^o _ y^f^ + 9cp db 

9zj 9z 3 9zj 9zj 9zj 9zj 

vanishes to infinite order on z — w and 

A 9 ,9?/> . dcp A ,_ A ,*, A d dip d(p A „ A 

(3-15) ^ 

.9-0 dcp dbi r~K,,dip dcp dbi ^ 9 2 &o 
^— ^ 9z-> 9z, 9z 7 - 9z 9 - 9z, ^— ^ dz^dzi 

j—l J ■> 3 3 — 1 3 1 J J 

vanishes to infinite order on z — w. 

3.2. The first order of the Taylor expansion of 6o(^,w) at z = w. Now, as 
in section 2, we assume that cp{z) = J2]=i \ z 3\ + 0(|^:| 3 ) near and that \j < 0, 
j = 1, . . . , q and Xj > 0, j = q + 1, . . . , n. We work in some neighborhood of (0, 0). 
Put 



(3.16) 60(2, w) = bo(z, w) + bl(z, w) + bl(z,w) + ■ ■ ■ , 

where b J is a homogeneous polynomialof degree j in {z, w). We recall that 



&8 = 7r- n |Ai||A 2 |---|A„indz£dZ 



A,* 
3 ' 
3=1 



(See Theorem O) For 1 < s < n, put xi(a) = 1 if 1 < s < g and xi{ s ) = 
if q + 1 < s < n and put X2( s ) = 1 — Xi( s )- We recall that for any operator 
T £ &{hP< q T*{C n ),hP< q T* {€"■)), the trace of T is given by (fTT]> . The first goal of 
this section is to prove the following 
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Theorem 3.2. Under the notations above, we have 

1 



|Ad + lAfcl + IAJxiOO 



&z,dz k dz s K 3 



E 



X 



„ ClA.-l + [a*DCIa/] + |A fc | + |A S |) 



A, 



(3 - 17) X ^ (0)z b°dz^dz- 



1 x_ ,o 

|A*I ^ f0) - fe o 

,-i-Y, „ |Ajl(|Ail + IA.IW^. u '° 

+ i< s <,5i< J <n raw (0>! '" 

+ E |^a2,^!az s (0)Zs6 "' 

g+l<sj'<n 1 3 1 J J 

As in section 2, we write 

n n 

V>(z,w) = i^|Aj||zj - Wj| 2 ^'fe'^J -^i) 

(3.18) J=1 j=1 

+ ipa(z, w) + -04(2, to) H , 

and 

n 

(3.19) 0(z) = ^A 3 |z,| 2 + 3 (2) + ^W + -- - , 

3=1 

where ipj(z, w) is a homogeneous polynomial of degree j in (z, w), j = 3, 4, . . ., 4>j{z) 
is a homogeneous polynomial of degree j in z, j = 3,4, Now, using (|3.16p . (|3.18[) 
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and (j3~T§l) in (|03|) . we get 
(3.20) 

3=9+1 J,t=l J 



A <9 . dip±(z,w) dMz) A ^_ A .*\/.o Lfc i/ \ , ,2/ \ \ 
+ E a^"^* «1 + jrfzj ■ J(6 + 6 (z,w) +6 (z,w)) 

3,*=1 J ' * 

£ 2 |a,| V » ( i 5^i^ + ^) (ft A.- < aA 

j=i j,t=i ■> J 

A d d%l>i{z,w) d(j) 4 (z) A .* A \ x 2 

E o— + —^=—)dz t dz 3 JOo + b (z,w) + b (z,w)) 

j,t=i 1 i i 

dbl(z,w) db1(z,w) A. .dip 3 d<f> 3 dbl(z,w) 



dzj ^— ' i9z,- 

3=9+1 J J j=l J J J 

,A _ db^w) dbl(z,w) ^ \^ fJ 9ip3 , d(j) 3 ^ dbl(z,w) 

+ U jK dz 3 + dzj } jJ^toi+dSj* dz 3 

= 0(\(z,w)\ s ). 

It is straight forward to see that the order 1 and 2 terms in (13.20[) are the following 



3,*=1 3 

(3 . 21) _f '(.S^ + S^)^^ 



3',*=1 

' J "' 

3=9+1 '•' 3=1 



E 2|A,|^^) + E2|A i ---^ U;) 



and 

r ,2, \ f ST d r -dip4(z,w) d<j> A {z) A A 



, <9z, dz t <9z t 

3,t=l 1 

/ A <9 .di/) 3 (z,w) d<j> 3 (z) A A 
9 ^ 9ip 3 (z,w) + ^3(f)^A,* c 
.di/) 3 (z,w) d<t> 3 {z) db\(z,w) 



j',*=i 

n 

* 0*3 <>•-.. 

A ,. dip 3 (z, w) + d<j> 3 (z) dbl(z,w) 
f^i 1 cfz 3 cfz 3 9zj 

3=9+1 J j=l 



2o 



where 
(3.23) 



n q n p. q „ 

L= J2 2\X J \dz^* + J22\\ J \dz^dz^+ J2 2 I^I^^ + E 2 I^I^57- 

j=q+l j=l 7=8+1 J j=l 3 

We rewrite first term of the right side of (|3.21j) : 

j,t — l J J 

- L,&f 4 [ dz< + ~dz~> j 1 



(3.24) 



dzj dzj dzj 

^dz~ [ dz 3 + ~&z~ )dz J 



3 = 1 

+ 



V— * .d 2 1p3(z,w) A A * ,_A,* ,_A\iO 

" ^ % dzdz + dz t d Zj) b o 

mdz (dzjdz t ' -dz t < dz 3 )b . 



[L21 . we 

< i < «> 



Note that dzfdZ?'* + dz£>*dz$ = 5 j:t . From the form of 6g ( see Theorem 
can check that dz$dZ$'*b% = if q + 1 < j < n, dz*dZj'*b% = &g if 1 s 7 . 
dz^dzp^ = if 1 < j < <?, t$z£'*dz£&8 = 6g if g + 1 < j < n and when j ^ i, 
<iz^'*(iz^&Q 7^ if and only if q + 1 < j < n and 1 < t < q. From this observaton, 
(I3.24p becomes 

j,t=i J 



J,t=l 



(3-) -t^H*^^)*. 

-A 9 f . dip 3 (z,w) d<fo(z) sifi 

From (|2.30[) . it is straight forward to see that 

d , . dip 3 (z,w) d<f> 3 {z) v-^ 2 I A «I / nU - -x 

(3 ' 26) aij <— + = J^^a (0)( ^ ^ 

where 1 < j < q and 

(3 - 27) dz-^^z— + ^ = ^ |A,.| + ^ ( ° )(ZS " ^' 



2<i 



where q + 1 < j < n. From (HOB) and (j3~2T)) . (pOTj) becomes 

g+Ks<n,Kj<(j 1 3 1 11 J J 

(3.28, +2 £ ^^0)^-< 6 ° 

_ dbl(z,w) v^ oU | dbl(z,w) 



.3=9+1 J 3=1 



Now, we write p. 281) according to the degree of homogenity in w, we get 



(3.29) 



9+l<i<™,l<*<9,l<s<" 



E s^m**?^ 

l<j<n,l<t<g,l<s<n 



and 



^ 2|A fl | d 3 ^ o 

7,g+l<j<n 1 J 1 J J 

^_E^M%^ + X>M»« 



(3.30) 

1<S<<J 



We pause and introduce some notations. For multi- index J, we write \J\ = q, 
J /*, if J = (ji, . . . , j,), 1 < ji < j 2 < • • • < j q < n. Set dz J = dz jl A ■ ■ ■ A dz jq , 
J = (ji, . . . ,j q ). Then, (fz J , | J\ = q, J />, is an orthonormal basis of A°>«T *(C n ), 
where is the origin in C". Let M^j , \ J\ = \K\ = q, J,K /*, be the C-linear 
operator: 

M^^k : A°'%*(C«) A°>*T *(C«) 
(3.31) dz 7 if J ^ J. 
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It is clear that M^j ^k, \J\ = \K\ = q, J,K is a basis of the vector space 
^f(A°'«r *(C n ),A ^T*(C")). For m £ N[J{0}, put 

P m (jSf(A°'%*(C n ),A°'%*(C n ))) 

A^z^uPw 5 ; A a ,p e jSf (A°'«T *(C"), A°^T*(C")) 

. N+|^|+|7|+|iy|=m 

For multi-index J, \J\ = q, we define 

(3.32) F(J) = 2 \ X i\+ 2 E l A il- 

jeJ,q+l<j<n j£JA<j<<l 

Put 7 = (l,...,q). Note that F(J) ^ if and only if J 7^ I . We have the 
following 

Lemma 3.3. We use the same notations as in the discussion before Theorem \2.1\ 
and before. If we consider L as the operator (We recall that L is given by (|3.23p . ) 

L : P m {£>(A a ' q T*(C n ),A a ' q T*{C n ))) -> P m (3? (A°' 9 T *(C"), A°' 9 T *(C"))). 

TTien, 

(3.33) 
KerL 

E a,P,y,S%jf a B—j S. 0,0,7,8 

C J,I 1V1 dzJ,dz I oZ Z W W , C JIo fc 

. |Q| + | / 3| + | 7 | + |A-|=m,(Q",0')=O,|J|= 9 ,J/' 

Moreover, /or ^ G P m (j^(A°^T *(C"), A°'«T *(C n ))), we write 

\a\+\P\+h\+W=m,\JHK\=q, J,Kf 

Cj^' 7,i £ C. If c"'j^' S = w/iera {a" ,j3') = 0. Then, we have LB = A, where 

/g ^ |a|+|/3|+| 7 |+|5|=m,| J|=|K |=«,J,i<cy «/ («", /?') = 

X F(A-) + 2<|A1,^>+2<|A1,^> ^ W + 
where u € KerL. 
Proof. We recall that 

9 , a 



L = 2\X J \dz^* + ^\X J \dz^dz^+ J2 2 N^ + E 2 I A ^^ 

j=q+l j=l 3=«+l J 3=1 5 
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For M^j ^k, \J\ = \K\ = q, J,K /*, we have 
(L(M^.,^ K z a z^w s ))ctz J 

n q 

= ( E 2|A i |dz£<sV + ^2^1^*^: 



■A 
3 

n p, q p. 

■ E 2^1^— +^2|A,|^—)^z^ 

.7=8+1 * j=l 3 



=( 2 E N+ 2 E i^-i 

j€K,q+l<j<n j$K,l<j<q 

+ 2(< |A"|,a" > + < |A'|,/3' >))dz K z Q z^u; 5 

= (-F(#) +2(< |A"| ,a" > + < |A'| ,/?' >))dz x z Q z^W 



and 



(L(M fE .^ dJ KZ Q z^ W 5 )) fz / = 

if I £ J. Thus, 

(3-35) / \ 

= (F(X) + 2(< |A"| ,a" > + < |A'| ,/3' >))M (E ,,^? 1 zV t() i . 

From p.35[) . the lemma follows. □ 

It is not difficult to see that b% = \\\ \ | A2 1 • • • |A„| ■n~ n M (! - f j a tdz i and 
(3.36) dz$dz?>*b° = |Ax| |A 2 | • • • |A„K-"M d -, ^^,-^ , 

where q + 1 < j < n, 1 < t < q. Combining this with (|3.29[) and Lemma 13.31 we 
get the following 

Proposition 3.4. We have that 

(3.37) 

&oM) = E I ^ 1 1 1 \ 1 1 1 \ 1 1 (0)z s dz?*dz$b° 

^<3<nkt<^<s<n l A il + M + W »W toils' 

+ 1 ^^,J A ^" A ^^^^ (0)ZS6 ° 
+ u(z), 



where u{z) € KerL. 



2!) 



Now, we compute 6q(0,w). From (|3.37[) . we can compute the last two terms of 
the right side of (j3~3T))) : 



s—q-\-l s — 1 



< 3 - 38 » + +1<< s tl<< m Xm4^ ^ 

^ 2|A S | ^ „ 

^ |A,-| + |A s |%a % ^ s lUjWs 



9+ l<s<n,l <j < g 



^ 2|A S | d z (j) 

Combining this with (|3.30[) . we obtain 
(3.39) 

9+l<i<n,l<t<9,9+l<s<n Jl 1 1 1 1 ■? 

From this, (|3. 361) and Lemma f3 .31 we get 
Proposition 3.5. We have that 

bl ° {0, W) = 9+1 < i <„,S<„ 1 < s < 9 WTM^WM 
-(0)w s dz?'*dz$b° o 



(3.40) ' 

X _ f V (0)W s dz t A '*dz 3 A 6» + »(«;), 
azjOz t oz s J 

where v(w) <E KerL. 

In view of Proposition 13.41 we know that to prove Theorem 13.21 we only need 
to compute u(z), where u(z) is as in (|3.37[) . Now, we compute u(z). Note that 
u{z) G KerL. From Lemma 13.31 we may write 

u(z)= c s j Io M d ^i^i z s 

q+l<s<n,\J\=q,jy,J^I 

(3.41) + c J,I a ^dz J ,dz'o z s 

l<a<g,\J\=q,J/X,J^I 

+ 22 z s c s Mjgio tds i + ^ ZsC s tdI i a , 

where c s j Iq ,c s G C, for all s = 1, . . . , n, \ J\ — q, J J ^ Iq. Let u*(z) be the 
adjoint of u{z) with respect to ( | ) in the space _Sf (A°' 9 T*(C"), A°^T*(C n )). We 
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can check that 

u*(z) = c s jj o M^i od7 jz s 

q+l<s<n,\J\=q,J/ t ,J^I 

(3.42) + X! CjjoMjz'o^'Zs 

l<s<q,\J\=q,JS,JjiI 

l<s<g q-\-l<s<n 

We notice that the Bergman projection nj^ is self-adjoint. From this observation, 
we deduce that 



(3.43) (bl(w,Q))* = bl(Q,w), 

where (6q(k7, 0))* is the adjoint of 6j(w,0) with respect to the inner product ( | ) 
in the space {A°^T*(C n ), A°< q T*(C n )). From (1X371) and (EP21 and recall that 
Ker L is given by (|3 . 33[) , we deduce that 

(bl(w,0))* = Y c s jj Mdz'v,az'Ws 

/g^N q+l<s<n,\J\=q,JS,J¥=I 

l<s<q,\J\=q,J/',JjtI 

where r(w) £ KeiL. From (|3.40[) and (|3.36l) . we have 
bl(0,w) = |A 1 |---|A„K- n x 

^ ?+1 <;<«,S< 9 ,x<*< g roiOTM 
(3.45) X dzjdztdz, W™'**** 1 *, 

|A S | 



+ ^ (|A 7 | + |A t |)(|A ( | A ,■ + AJi 

q+l<j<n,l<t<q,q+l<s<n Vl 3 1 1 Uyl U 
d 3 (f> ._ \ . 



where v(w) € KerL. From (|3~£?)) . (1X14]) and (|3~15|> . we get 

cho = |Ai| " • • lAnk- x (lA^ + i^Dd^'+IA.I + IA.I) X 9^iT (0) 

(3.46) if J = dzt'*dz^dz I( > , q + 1 < j < n, 1 < t < q, and s = 1, . . . , q, 

I A s | d 3 4> 
cho = - ■ l A n| tt- x ( | A .| + | At | )( | A /| + | At | + | As |) x dz3 ar ZtdZs ^ 

(3.47) if J = dz^*dz^dz Ia , q + 1 < j < n, 1 < i < q, and s = q + 1, . . . , n, 

(3.48) cf //n = otherwise. 
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Combining above with (|3.41[) and (|3.36p . we obtain 
(3.49) 

V 1 9 ^ fQVg fe o 

?+ l< s fel<^l^l + l^l^'^^ ()S0 



-(0)z s fe°dz 3 A '*dzf 



dZjd~Ztdz s 

g+l<s<n 1< S <<? 

Now, to complete the proof of Theorem l3.21 we only need to know c s , s = 1, . . . , n. 
From (|3.49[) . we know that 

Tr6j(z,0) 

- N - |A - I '^^£ aft i™5& ( ^) 

(3.50) , — 1 d 3 d> \ 

t/+l<s<n l^ s ^9 

From Theorem Q we know that Tr 60(2,2) = 7r -n (-l) 3 det (z))" • 

From this, we can compute 



a -Tr6 (z,z)U=o =7r-"(-l)9^-dct ( -J?£-(z) 



z=0 



dz s dz s \dzjdzk / jt k=i 

(3.51) 

l<i<8 9+l<J<" 



:»,2 



From ([3713), we know that Trfej(z,0) = Tr^(0,z). Note that b\{z,z) = bl(z,0) 
6q(0, z). From this, we see that 



— Tr6 (z,z)| z=0 = ^Tr6i(z,0) + — Tr6j(0, 2 ) 



(3.52) = _Tr&i(z,0) + — Tr6i(z,0). 



Thus, if g + 1 < s < n, from p. 501) and (|3.52p . we can check that 
d 



-Tr6 (z,z)| z=0 



(3-53) i 03 j, . 

|i ' l ''' h|, 1l.PBJW (,| ) t ' 



1<J"<9 



From (13.51)) and (|3.53p . we can compute 
(3.54) 

C^-|A,|-HA„|(- £ 1 l f ^_ (0)+ Y. pasj^ 

l<j<g 1 Jl J J s g+l<j<n J J s 



•"' |A ' Hy (|,f™^4 (1) 

:7T- n |Al|---|A„| 



^J^idA.-i + iA.D^a^z/ ) + q+ ^ n \x 3 \d-z 3 d Zj dz s { >)> 



q + 1 < s < n. Similarly, we can repeat the procedure above and get 

C, = 7T- n |A 1 |---|A n | 

if 1 < s < q. Combining ([335]) . (|3~5lj) with ([3^35]) . Theorem O follows. 



3.3. The second order of the Taylor expansion of bo(z, w) at z — w and the 

bi term. The second goal of this section is to prove the following 

Theorem 3.6. Put 



n 

(3.56) Tr bl(z, 0) = tt"" | A x | • • • | A n | ( £(a fl z s + b s z s )^j . 

s=l 



Then for Oq(z,w) in (|3.16l) . we have 
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(3.57) 



b 2 (z,0) 



E 

,i<; 

d 3 </> 



q+l<j<n,l<k<q,l<s<n 
2 



1 

|A s |(|A,| + |A fe | + |A s | X i(s)) 



dzjdzkdz. 



■(0) 



+ 



E 



i 



2 



|A,|(|A J | + |A fe | + |A s | X 2(s)) 



9 3 



dzjdzkdz 



=-(0) 



E 



I A, 



g+l<j<n,l</c<g,g+l<s<n 
2 



(|Ail + |A*l)(|Ail + |A*l + |A.|) s 



<9 3 </> 



dzjdzkdz s 



-(0) 



E 



|z s | 2 dz^'* dz^b^dz^'* dz^ 
|A S | 



2 



(lAil + lAjklK^I + lAfcl + M) 5 



<9 3 



dzjdzkdz. 



■(0) 



E 



i , a 3 ^ 



■(0)W 2 6g 



g + 1 < it < n , 1 < s < n 



|A«| + |A S | xi(s) dz u dz u dz. 



E 



i 



(0)|z„| 2 &g 



l<n<g,l<s<n 



|A«| + |A 8 | x 2 (s) &z u dz u dz 



E 



l<j<<2.<2+l<s<™ 



+ 



E 



J- ^0 / n s i ,2,0 

|A i | + |A.|°'a? J 52! i a? a W1 ^ 1 
1 (o) |^| 2 &g 



9 +i<i<«,i<.<J A 'l + ' A 'l ^z 3 dz s 



E 



l<j<9,l<fc<n 



9 4 H^(z ; O) + 0) |z fc | 2 60 
dzjdzjdzkdzk 2\X k \ 



E 



d 4 (zV^,O) + 0) , n . |z fe | 2 ^ 



9+l<i<n,l<fc<n 



cfzjdzjdzkdzk 2 |Afc 



(°)TT^ fo o + ^) + M^) 



where Tr /i = and g-I = 0, j = 1, . . . , n. 
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Furthermore, we have 



bi (0,0) 



(3.58) 



E 

.i</ 

d 3 (j) 



I A, 



q+^<3<"n,l<k<q,l<s<q 
2 

-(0) 



2(|Ai| + |A*|) 2 (|A i | + |A fe | + |A s |)s 



dzjdzkdz s 



dz k '*dz^b^dz^'*dz k 



E 



I A. 



q+l<j<n,l<k<q,q+l<s<n 
2 



2(|A i | + |A,|)2(|A j | + |A )fc | + |A s |) 2 



d 3 cj) 



dzjdzkdz, 
cb° + R, 



-(0) 



dz k '*dZjbQdZj'*dz^ 



where c G C, Tr R = 0. 

Take w = in ([3"^]) , we get 



(3.59) 



Lb {z,0) =-[ ^ _(_,___ + __)d2 j . < s t . 



a a^ 4 («,o) a^ 4 (z) 



V — ( 



)dz t A ^)&° 



.7,t=l J 



a . ,av> 3 (z,o) , w^, 



.A,* 



/ —+ H r— )efe ■ dz 

oz t az t 

t,0) , ^3 (*) ^ 

5zt v 9zj 



EH 



9^3(^,0) , 90 3 W,a6j(z,O) 



9z, 



9zw 



-I + 11 + III, 



dzj 



where 



d . dil) A (z,0) | dfajz) ^ ^ , 
, , -lj dz t : >- 

3,t=l J 



(Si"'- 



9z t 



" a ( .a^o) + a^ )<a A,»^ 6g| 



.3,4=1 



dzj 



5z t 



7,t=l J 3 



3o 



and 



&Zj &Zj dzj 



First, we deal with the sum I. From the form of bn, we can check that 



-A d .9^4(2,0) d4>i(z) A A 

£ dF j ( - l —^- + -dzr )dz * dSt 
j,t=i j 



3,t=l 



( 3 - 6 °) v g 4 (-#(^Q) + 0) rm |„ ,2.0 



i<i<9,l<fe<n 



+1 < < E 1<fc < ( ° )|Zfel 5 ° 

q+l<j<n,l<fc<n J J 

+ fti(«) + n(«), 



n2 

where Tr hi =0 and ^ T q z . — 0, j = 1, . . . , n. 

Now, we deal with the sum 77. From (l3.17p . we may write 

&J(z,0) = (a s z s + b s z s )b° 



(3.61) 

?+i<j'<n,i<t<g,i<s<->i 



<!+^<3<nS<t<q,l<s<n 



where a s , & s , aj t , /3| t , 7^, 5£ t € C, s = 1, . . . , n, j = g + 1 . . . , n, t = 1, . . . , q. We 
note that a s , b s , s = 1, . ..,n, are the same as in (|3.56[) . For j = g + 1, . . . , n, 
t = 1, . . . , q and p,q = 1, . . . , n, we can check that 

(3.62) Tr {dz^*dz^dz^*dzpl) ^ if and only if q = t and p = j. 



We notice that dz^'* dz^dz^* dz'jb^ = 6q. Similarly, For j = g+1, . . . , n, t = 1, . . . , q 
and p, q = 1, . . . , n, we can check that 



(3.63) Tr (dz£'*<a£&{jdz£'*dz£&{j) 7^ if and only if p = i and g = j. 
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From (|3.61[) , (|3.62l) and (I3.63[) , it is straight forward to see that 



(3.64) 



t 



j,t=i 1 3 

dz s dzjdzj dz s dzjdzj s s 



l<j<g,l<s<n 



|2 ,0 

( / //.:(/.: it </.:(>.: 

1 5:J S: 1 ?! l^ 5 '^ n 



; rJ + 
dz s dzjdzj 


dz s dzjdzj 






dz s dzjdzj 


dz s dzj&Zj 


. d 3 V>3 

It: t = h 


d 3 h 



g+l<j<n,l<s<n 

cTzsdzjdzj cTzsdzjdzj s 30 

2 r s^M^m 



9+l<j<n, !<*<<?, 1<«<™ 



1 O ^ 3< ^ 3 s I |2 ,0 

q+l<j<n,l<t<q,l<s<n s * 3 
9+l<i<n,l<t<9,l<s<n J 

+ ^ 2 (z) +r 2 (z), 



where Tr /12 — and g£ ^ = 0, j = 1, . . . , n. 



37 



From (|2.2j) and (|3.17p . it is straight forward to see that (|3.64p becomes: 



(3.65) 



( ST d I 



<9z t 



i,t=i 



E 



2 |A S 



d 3 (j) 



-(0)\z s \ 2 a s b° o 



|Aj| + | A s | dz s dzjdz 



+ E 



2|A S 



d 3 c/) 



■(0)\z s \ 2 b s b° 



iy+l<j<n,l<s<g 



|Aj| + |A S | dzsdzj&z. 



+ 



E 



|A,-| + I A f | + IAJ y 2 (s) 



c9 3 



E 



|A,| + |A t | + |A s | X i(s) 



dz s dz t dzj 
d 3 <j> 



dz a dz t dz 1 



(0) 



(0) 



+ 



E 



2|A S 



?+1 <,<M< s , t < g (l^l + l A *l)(l^l + l A *l + l^l) 



<9 3 </> 



dz s dz t dz. 



•(0) 



|z s | 2 d^'*dz£6gdzVdz£ 



E 



2|A S 



q+l<j,s<n,l<t<q 

+ h 2 (z)+r 2 (z). 



(|Ail + N)(M + |A t | + |A.|) 



\z s \ 2 dz^*dz$b dz^*dz? 



Now, we deal with the sum III. From (|2. 21) . Q3.17P and (I3.6ip . we can check 
that 



^-^ 9zj 9zj 

| ^ gv^o) | dMz) Mz,o) 

(3-66) 2 |A U | 0^ 2 

""^ 1 ^ 1 <^jA.| + |A.|xiW & '^«ufe. C0,W 
^ 2JAJ d 3 rm ■ |2 

+ /i 3 (z) + r 3 (z), 



where Tr /i 3 = and ^§-4^- = 0, j = 1, . . . , n. 



From ^M), and ^M), (^3^1) becomes 



(3.67) 



Lb 2 (z,0) = - Yl 

l<j<qS<k<n '-' 

+ 



dzjdzjdzkdzk 



E 



q+l<j<n,l<k<n 



l<j <g,g+l<s<n 



+ E 



<7+l<3<™, !<«<<? 



2 1 a, | d 3 </> 

I Aj | + | As | dzsdzj&z. 

2\X S \ d 3 (f> 
\Xj \ + \X S \ dzgdzjctzj 



■(0)\z s \ 2 a s b° 



iO)\z s \ 2 b s b° 



+ 



E 



|A,| + |A t | + |A s | X2 ( s ) 



+ 



+ 



E 



I A,- 1 + I A f | + IAJ Yi(s) 

q+l<J<n,l<t<q,l<s<n 1 ^ S|AU ' 



dz s dz t dzj 

d 3 (f) 



dzgdztdz. 



(0) 



(0) 



E 



2|A S 



9+1 <,< t M< s ,< 9 (l A ^ + l At l)^l + l A *l + l A ^ 



d 3 cj) 



dz s dz t dzj 



•(0) 



+ 



E 



\z s \'dz'^*dzpldz^*dz r t 

2|A S | 



<9 3 c/> 



dz s dz t &z 



Ho) 



E 



2 dz^*dz^ dz^*dz^ 
2|a„| fc a 3 ^ 



■(o)W 



<j+l<ii<n,l<s<n 



E 



|A«| + |A S | xi(s) &z u dz u dz : 

2\X U \ d 3 cb , 2 



l<n<q,l<s<n 

/i4(z) + r 4 (z), 



|A«| + |A S | X2(s) &z u dz u dz s 



where Tr /14 =0 and ^ T q z . = 0, j = 1, . . . , n. We notice that dz^'* dz^b^dzj'* dz^ = 

Mdz A -*dz rs dz I o dz n -*dz A dz'o- From this observation and Lemma I3~3l we get (13.5TB . 

t j ' t j 

Now, to complete the proof of Theorem l3.6l we only need to prove (|3.58p . From 
(|3~T5)1 and we see that 



(3.68) f ^2|Aj|dz£dz: 



A,* 

i 



n 

E 

3=8+1 



2|A J -|d2y , *d^ 6i(0,0) 



.7=1 J J 



(0,0). 
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From (|3.57[) , we see that 

E ^(o,o) 



j=i J J 



d 3 4> 



E 



I A, 



1+l<j<n,l<k<q,l<s<q 



(M + M(\^\ + \*k\ + \Xs\y 



(3.69) 



dzjdzkdz. 



(0) 



c£z fc ' * <iz^ 6q c£zy' * dz k 



E 



I A, 



(M + |A fe |)(|A;| + |A fc | + |A s |)s 



q+l<j<n,l<k<q,q+l<s<n 
2 



a 3 ^ 



dzjdzkdz. 



■(0) 



dz^*dz%ldz^*dz^ + ab° + f, 



where a 6 C and Tr/ = 0. Since we can solve Q3.68p , we conclude that a = 0. 
Thus, (|3.68[) becomes: 



3=1 



i=q+i 



E 



I A., 



(3.70) 



q+l<j<n,l<k<q,l<s<q 
2 



(|Aj| + |A fc |)(|A J -| + |A fc | + |A.|)2 



d 3 <f> 



dzjdzkdz. 



■(0) 



dz k '*dZjbQ(lZj'*dz^ 



+ 



E 



|A S 



<?+l<i<n,l<fc<<?,<?+l<s<ri 
2 



(|A,| + |A fc |)(|A,| + |A fe | + |A s |)^ 



d 3 ^ 



cfzjdzk&z. 



(0) 



Again, from Lemma T3.31 we get (|3. 581) . Theorem 13.61 follows. 



4. The trace of the b% term 

As before, in this section, we assume that cj)(z) = J2]=i Aj \zj\ + 0(|z| 3 ) near 
and that Xj < 0, j = 1, . . . , q, and Xj > 0, j = q + 1, . . . , n. We work in some 
neighborhood of (0,0) and we shall use the same notaions as before. In view of 
(|3.58[) . we know that 



6i(0,0) = 



E 

,i<' 

d 3 ^ 



I A., 



q+l<3<nA<k<q,l<s<q 
2 



dzjdzkdz. 



■(0) 



2(|A i | + |A,|)2(|A j | + |A,| + |A s |) 2 



dz k ' dzjb dzj' dz k 



(4.1) 



+ 



E 



|A S 



q+l<j<n,l<k<q,q+l<s<n 
2 



2(^-1 + |A fe |)2(|A i | + |A fe | + |A s |)2 



d 3 <j> 



dz k '*dzjb^dz^'*dz k 



&z 3 dz k cfz s 
+ cfe° + R, 

where c £ C, Tri? = 0. The main goal of this section is to determine the constant 
c. We notice that the projection tl k 9 ^ has the following property: 

(4.2) ftWoftt«>=ftW 
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We recall that fl^ is given by (13. 7[) . From (13.91) . we have 

(4.3) Il[ q) ofl[ q \u,w) = / e lk ^ z - u) b(u,z,k)e lk ^ z - w) b(z,w,k)dm(z) +F(u,w,k), 



where to, fc) is negligible. Take u = w = in (|4.3|) and from (14.21) and (|3.9p . 

we get 

(4.4) / e lkW ^ z)+ ^ zfi) h(0,z,k)b(z,0,k)dm(z)^ k n b o (0,0) + k n - 1 b 1 (0,0) + --- . 



We use Zj — X2j-i + ix^j, J ' = 1, • ■ • , n. We write 9 Xj to denote the operator g^-, 
j = 1, . . . , In. For multi-indix a = (ai, . . . , ct2n), otj G NlJ {0}, j = 1, . . . , In. 
We write \a\ = N if Ylj=i a j = N an d we write d" to denote the operator 
®xl ' ' ' ®X2^ ■ We recall the stationary phase formula of Hormander (see Theo- 
rem 7.7.5 in Hormander [B]) 

Theorem 4.1. Let K C C™ be a compact set, X an open neighborhood of K and 
N a positive integer. If u € C^{K), f € C°°(X) and Im/ >0 mX, lmf(x ) = 0, 
/'(.t ) = 0, det /"(t ) ^ 0, /' ^ m K \ {t } then 



(4.5) 



u(z)e ik M dm -2 n e ik ^ det (^f^ 



E k ~ jL ^ 



<ck~ N J2 sup\dy\, fc>o, 

\a\<2N 



where C is bounded when f stays in a bounded set in C°°(X) and j^/^°J has a 
uniform bounded and 



L ? u = E E ri2 ~" < ffar^D^ 

v—fx=j 2is>3fi 



v\p>. 



9x Q {x) = f{x) - /(t ) - - < /"(t )(t - x ),x- t > 



-id x 



(4.6) 

Here 
(4.7) 

and I? 



Now, we apply (|4.5|l to the left side of (|4.4[) . From (|2.2jl . we know that 

n 

(4.8) V(-z,0) + V(0,z) = 2iImV>(z,0) = 2i^|Aj| |^| 2 + 0(\z\ 3 ). 

3=1 

Since Im (-0(0, z) + ip(z,0)) > when z / 0, we may assume that 6(0, z, k) has 
compact supports in some small neighborhood K of € C™ . From (|4.5|) , we have 

(4.9) 

lAif 1 • • • |A„p 1 7r"fc-" (6(0, 0, fc) 2 + fc- 1 L 1 (6(0, z, k)b(z, 0, fc))| z=0 + <3(fc 2 "- 2 )) . 

We can check that 
(4.10) 

6(0, 0, fc) 2 = fc 2n 6 (0, 0) 2 + fc 2 ™- 1 (6 (0, 0)6i(0, 0) + &i(0, 0)6 (0, 0)) + 0(fc 2 "- 2 ). 

The computation of the term Li(6(0, z, k)b(z, 0, fc))| z=0 is straight forward. We 
omit the process. We state our result 
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Proposition 4.2. Under the notations above, we have 

k-^L^biO, z, k)b(z, 0, fc))L=o + 0(k- v ) 

_ 1 J_/ <9 2 6 <9 2 fr 

" 2^^V 



(2,0)U=o6o(0,0) 



dzjdzj 



(0,«)U=o6o(0,0) 



+ (tw-)(0, «)|*=o-n-(«, 0) ,=0 + fl-(0, «)Mar «, 0)| z=0 



1 ™ 



9zj 
<9 4 Im -0(2,0) 



(4.11) 



,- )t= fi N l A tl dzjdzjdztdzt 
1 - 1 



9zj 
z =o6o(0,0) 5 



dZi 



d 3 Imip(z,0) fdb 0( <% . , 



1 

1 " 

- y 

1 " 

- y 

2 ^ 

1 " 

- F 



1 <9 3 Im ^(2,0) fdb 



db , 



1 



a 3 Im^(2;,0) 



dzjdz t cfz s 



2=0 



&o(0,0) 2 



! |Aj||A t ||A.| 

1 a 3 Imi/'(z,0) | <9 3 ImV>(,z,0) 



, ■ , ^ I'M |A t | |A S | dzjdzjdzs 



— — 2=o~ 



U=o&o(0,0) 2 



<9 3 Im-0(z, 0) 



dzjdz t dz s 



Mo,o) 2 



- ; ,„ s=1 |A,||A t ||A s | 
From (|3~gj) . ([4T5]) . (|4TTU|) and (|4TTT|) . we get the following 
Theorem 4.3. We /lave 

(4.12) M0, 0) = lAif 1 • • • |A„P 1 tt" (fc^O, 0)6o(0, 0) + b (0, 0)6 X (0, 0) + C ) , 
where Co denote the right side of (|4.11D . 

For 4,Be «5f(A°^T *(C n ),A°^T *(C n )), we write ALB if (Ait | Bu) = for all 
w G A°' 9 T *(C n ). For F € J^(A < 9 T *(C"), A < 9 T *(C")), we werit F to denote the 
component of A in the direction dzidz^'* ■ ■ ■ dz^dz^'* . More precisely, if 



(4.13) F = adz^dz^'* ■■■dz^dz^* +G, a G C, GLdz^dz^* ■ ■ ■ dz^dz^* , 



then F 1 = acfz^dz^'* ■ ■ • dz^dz^'* . Now, we are ready to compute the constant c. 
We recall that c is given by (|4.ip . From (14.1j) . we know that 

(4.14) 6i(0,0)=c6o(0,0). 

Note that 6 Q (0,0) = b% From (|4Tj) . (|4TT2l) and jl4| . we get 

(4.15) -c6o(0,0) = \Xi\- 1 ---\X n \- 1 7r n C . 

Now, we compute Cq. The computation is very complicate. We only give the 
outline of the computation. We write Cq = I + II + III + IV + V , where 



I = 



(4.16) 



I V — 



/JprC 8 ' °)l-o6o(0, 0) + /^(0, *)L=o&o(0, 0) 



,db db db , db \ 

(-^)(0,z)| 2=0 — (z,0)| z=0 + — (0,z)\ z=o^=r (z,0)\ z = , 



9zo 
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(4.17) 



II 



1 <9 4 Im7/;(z,0) 



1 n 



, O 6 o (0,0) 5 



(4.18) 
III = - 



1 9 3 Imi/'(2,0) 



^U=o(|^(0,,)U=o + ^(.,0)U =0 )6o(0,0) 



2 jl^i N l A *l dzjdzj&z 



1 <9 3 Im</>(z,0) /<% 



1 " 

2 E | A .|| As | dSjdzjdz. 



\m=o (§^(0, z)|,=o + f^(z, 0)U=o)6o(0, 0), 



(4.19) 



IV = 



l 2 



9 3 Im^(z,0) 



dzjdz t dz s 



z=0 



&o(0,0) 2 



and 



(4.20) 



V 



n 



1 9 3 Im^(z,0). 9 3 ImV'(^0) | 



^ i |Aj| |A t | |A S | dzjdzjdzs z dz t dz t dz. 



= O 6 o (0,0) 2 



l_ ^ 1 

12 ^jA^lAtHA.! 



5 3 Im ip(z, 0) 



dzjdz t dz s 



\z=0 



6 (o,o) 2 



Now, we deal with the sum I. From (|3.17[) and (|3.57p . we may write 
(4.21) 

6o(2,0) = (a s z s + b s z s )b Q {0,0) 



l<s<n 

+ ]T (al t z s +Pl t z s )dz£>*dz$b (0,0) 

q+l<j<n,l<t<q,l<s<n 
_|_ , _ " - v- - ,;, In m.J- - : .1- 



(rl, t z s + 6l t z s )bo(0,0)dz$'*dz£ 



1+^<j<n,l<t<q,l<s<n 

+ 53 d s \ Zs \ 2 60(0,0) 

l<s<n 

+ r(z) + /i(z), 



J] o£ t |z s | 2 dz£'*dz{>bo{0, Q)dz^*dz^ 



where 



a s ,b s ,a s j t ,l3l t ,j s j t ,6 8 j t ,d s ,a s l t G C, s = 1, . . . , n,j = q + 1, . . . , n, t = 1, . . . , q, 



r(z) = 0(\z\ A ), h(z) = 0<\z\% Trh = and 4^(0) = 0, 3 = 1, . . . , n. As 
in section 3, for u{z) E if (A >«T*(C n ), A°'«T*(C n )), we write u*(z) to denote the 
adjoint oiu{z) with respect to ( | ) in if (A°>«T*(C n ), A >«T*(C n )). We notice that 



6 (0,z,fc) =60(2,0, A;)*. 
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From this and (|4.21l) , we deduce that 



(4.22) 

&o(0,.z) = (a s z s + b s z s )b Q {0,0) 

l<s<n 

q+l<j<n,l<t<q,l<s<n 

+ E (^z s + Sl t z s )dz^dzp o (0,0) 

q+l<j<n,l<t<q,l<s<n 

+ 4|z s | 2 6 (0,0)+ °Tt\ z s\ 2 dz£'*dz$b (0,0)dz$'*dz$ 

l<s<n q+l<j<n,l<t<q,l<s<n 

+ r*(z) + h*(z). 



Note that we still have Tr/i* = and £ r dz . (0) = 0, j = 1, . . . , n. From (l4~2"Tj) and 
(|4.22[) . we can check that 



(4.23) 



1 n 1 ^)2l £J2l 

S — 1 1 1 

+ (^)(0,z)|z=o^— (z,0)U=o + ^— (0,z)| z=o ^(^,0)U=o J 

CJ Z g CJ Z g O Z g O Z g f 

1 ™ 1 _ 1 " 1 

-2gM (4 + 4)V0 ' 0)2+ 2gM (H2 + |6/) 
+ 2 ^ |A S 



1 b |2 









where Ej±dz£dzf'* • ■■dz^dz^*. From (|5T7|l . (j3"37)) and the fourth order Taylor 
expansion of the phase -0 (see (|2.3p (12.41) and (|2.5p ). we can write down the ex- 
plicit formula of the right side of (|4.23[) . The computation is very complicate but 
elemenrary and is therefore omitted. We state our result 
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Proposition 4.4. For I in (|4.16[) , we have 



(4.24) 



/ = 



E 



q+l<j<n,l<t,s<q 
2 



3 IA/ |A t |-|A t | 2 |A,-|- 2 |A t | 2 |A fl | + 2 |A 3 -| |A«| |A. 
2(|A J -| + |A s |)2|A J ||A t | 2 (|A,| + |A t |) 



d 3 <t> 



dz s dzjdz t 



(0) 



6o(0,0) 2 



+ E as J<* 

g+l<.j,t<n,l<s<ij 



■(0) 



&o(0,0) 2 



+ E 

g+l<j,s<n,l<t<g 
9 3 



3|A J ||A t | 2 -|A t ||A,| 2 -2|A J | 2 |A s | + 2|A J ||A t ||A s | 



2(|A t | + |A s |)2|A J | 2 |A t |(|A,| + |A t |) 



&z s dzjdzt 



(0) 



6o(0,0) 2 



E as >j>* 

l<j,*<9,9+l<s<" 

1 

2 



-(0) 



68(0,0) 



E 



dzgdzjdzt 
-|A s | 2 + |A,||A t | + |A s |(|A,| + |A 4 |) 



q+l<j,t<n,l<s<q 



(|A J | + |A,|)(M + |A,|)|A j ||A,||A,| 



"* -(0>=&=-<P)W0.O)" 



dzjdzjdz s dz t dztdz s 



E 



-|A S | 2 + ^-11^1 + ^1(^1 + 1^1) 
(|A,-| + |A 5 |)(|A t | + 1^1)^-11^1^,1 



*+ (0)^^(0)^(0,0) 



+ 



dzjdzjdz s cTz t dz t dz 
1 



E 



|A j ||A t ||A s |-|A J | 2 |A t |-|A J ||A t | 2 -|A s ||A i r 



q+l<j<n,l<t,s<q ( 1 A j | + |A a |)(|Aj| + |A t |) |Aj| |A t | |A a | 



jdzjdz s cTz t dz t dz s 



dzjdzjdz s &z t dz t dz 



E 

q+l<j,s<ra,l<t<g 



|A J -||A t ||A s |-|A J -| 2 |A t |-|A,-||A i | 2 -|A s ||A J -r 



(|A t | + |A s |)(|A J -| + |A t |)|A J -r|A t ||A s | 



^ (0)^^(0) + ^^(0)^V(0))6 0( 0,0) 2 



\dzjdzjdz s dz t dz t dz, 
1 x 1 

+ - E 



dzjdzj dz s &z t dzt dz s 

(0)^^(0)60(0, o) 2 



2 . . -f— ' . |Aj| |At| |A S | dzjdzjdz s £fz t dz t dz 



l<.7,t, s<9 



-(0)^t(0M0,0) 2 



|Aj| |A t | |A S | dzjdzjdz s dz t dz t dz s 



1 |A,-|-|A t | 



<9 4 



+ q+ i<S,i<t< q l At ' + ' A *l ^ZjdXtdzt 
+ Ri, 



(0)6 (0,0) 2 



4o 



where Ri-Ldzidz^'* ■ ■ ■ dz^dz^'* and 



(4.25) 



1 1 ,J_ 1 . 

as ^-4(|A J | + |A t | + |A s |)2^|A,| + |A t | j 

|At| 2 |A,||A s |-|A,| 2 |A 4 | 2 



2 |A,| |A t | |A S | C|Aj| + |A S |)(|A,-| + |A t | + |A.|)a ^| + |A S | |A t | + |A.|- 



\Xt\\x£\Xs\-\x£\x£ 



1 



1 



2|A,||A t ||A s |(|A t | + |A s |)(|A J | + |A t | + |A s |)2V|A 3 | + |A s | \X t \ + \X s \ r 
Now, we deal with the sum II. From f|2 . 3[) . (|2. 41) and (12.5[) . we can check that 
(4.26) 

7 E „,',.,rS:l'-°j (o)wo)- 



4 l<t^<n ' Aj ' ' As ' m dz 3^sdz 

d 3 <f> 



E 
E 



E 

l<s,t<g,g+l<j<n 

E 

g+l<s,j<n,l<t<g 
1 



dz s dzjdzt 
d 3 4> 



dz s dzjdzt 
1 



(0) 



(0) 



E 



|A 4 |(|A,| + |A 4 |)(|A S | + |A,|) 
1 

i 



* (0) ! 



dz s dzjdz t 



dz s dzjdz t 



(0) 



a 3 , 



|A t |(|A,-| + |A s |)(|A i | + |A t |) 



d 3 



^dz s dzjdzj ^ dz s dztdzt ^ dz s d~z~jdzj dz s dztdzt 



•'■ (0)^(0) 



E 



9+l<s,j<n,l<t<g 



|A J -|(|A t | + |A s |)(|A i | + |A i |) 



^ -(o)^-(o) 



^ (0)^^(0) 



dz s dzjdzj dz s dz t dz t dz s 9zjdz.j dz s dz t dz t 

\>±z\M 



\ E 



(0) 



+ 1 V 1 ^ 

4 1 Jf< g |A i ||A t |a? i a^a2 t 



E 



4 9 +i<£t<n ' Aj ' ' At ' dz i dz o dz t dz t 



(0), 



where 



(4.27) 



2(|A s | + |A J | + |A t |) 2 |A,||A t | 

l |As| + |A ^ l + |At| "^TM"NTMJ 
|A t | , 



i 



l 



i 



2 (|A,| + lA.DdAil + |A S | + |A t |)2 v + |A S | |A t | + |A S | 



(l 



1 



1 

2CA^T]A s |)(|A J -| + |A s | + |A t |)^|A J -| + |A s | ' |A t | + |A s | 
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Now, we deal wih the sum III, IV and V. First we need the following theorem 
which follows from Theorem 12. II 



Theorem 4.5. We have that 



<9 3 Im V>(z, 0) 
dz s dzjdz t 

<9 3 ImV>(2,0) 
&z s dzjdz t 

c» 3 ImV'(z,0) 

dz s dzjdz t 

<9 3 
x . 

dz s dzj dzt 
d 3 lm^(z,0) 



(0) 
(0) 
(0) 



dz s dzjdzt 
<9 3 ImV>(.z,0) 

&z s dzjdz t 
9 3 Im 0) 

&z s dzjdz t 
d 3 <j> 

'. 

&z s dzj dzt 



(0) 
(0) 
(0) 



<9 3 



dz s dzjdz t 
\X S \ 



\X S \ + | A t | cTz s dzjdz t 
1 



(0), <Z + l<J,t,*<n, 

(0), q+l< j,s<n,l<t<q 



(|A S 



|A,l|A t , 



|A,l|A t , 



|A,| + |A f | + |A s |V' S| |A,-| + M M + |A t | 
(0), q+l<s<n,l<j,t<q, 
d 3 <j) 



dz s dzjdz t 
|A S | 



(0), l<j,*,s<3 

a 3 </> 



|Aj-| + |A S | &z s dzjdzt 
1 



|A,l + |A t | + |A s | 



(0), 1 < s,t < q,q+ 1 <j < n, 



|A,-| + |A 5 | |A.| + |A t |, 



(0), g + l< j,t<n,l<s<g, 



(4 - 28) ^kr (0) = ' 



Note that 



9MM, , afroM) , 



and 



^ \z=Q H 2=0 
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s = 1, . . . , n. From this and (|4.28p . we can check that 
(4.29) 



1 ^ 
III = — 
2 



-A 1 <9 3 lm?/>0,0) fdb a db \ 

g jA.llA,] d- Zj d Zj dz s K^(MU=o + ^M)U=o>o(0,0) 

i<£< 9 NI A «M A *I fcjdzjdz, (0) d^d^l (0)6o(0 ' 0)2 

1 v 2|A 3 -| + |A a | 

K^(^(o) + ^(o)^(o)),(o,o )2 

&Zjdzjdz s ^ dztdz t &z s ^ d~Zjdzjd~z s ^ dz t dz t dz s ^) ^ 
1 <9 3 (/> (9 3 <i> 

" 9+ iH<« 1^1 ' As ' l At ' teidzidzs^ dz t dz t dz s {0)bo{0 >° )2 
1 v 2|A t | + |A a | 

i v N 

(dzjdzjdz s ^ dz t dz t dz s ^ dzjdzjdz s ^ dz t dz t dz s ^) ^ 



2 

<(; 



(4.30) 



"-i E 



|A t | IAJ 

\ E |A 



9 3 



dz s dzjdz t 



(0) 



2 9+1 ^ 1 , t <J^NA t |(|A s | + |A t |)^ 



&o(0,0) 2 



(0) 



&z s dzjdzt 



&o(0,0) 



i E 



g+l<s<n,l<j,t<g 
1 



a 3 ^ 



J E 



4 .<«.<, i^wi** 



dz s dzjdzt 
d z <f> 



\ E 



dz s dzjdz t 
|A S | 



(0) 



(0) 



Mo,o) 2 

6o(0,0) 2 

a 3 </» 



2.. ... |A,||A t |(|A s | + |A,|)2 



l<s,t<g,g+l<j<ra 

4 E 7-** 

l<s<9,9+l<J,t<n 



dz s dzjdzt 



(0) 



&o(0,0) 2 



<9 3 



dz s dzjdzt 



(0) 



&o(0,0) 2 
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where 



(4.31) 



|Ail|A t ||A 8 |(|A j 
2, |Ai| 2 |A t | 2 



|A. 5 | + M) 2 
|A,| 2 |A t | 2 



N) 2 (|A s | + |A t |)2 
2 |A. | 2 |At| 2 
\\ s \ + \\t\ T OTlAffl 



(|A S 

2|A,l|A t ||A s 



2|A 3 l|A t ||A s 
|A,| + |A 3 | 



and 



V = 



1 1 fflm^z.O) _ 3 Im#z,O) 

9 |A,l|A fc ||A s | dzjdzjdzs lz ~° dz k dz k dz s lz ~° olu ' Uj 



2 



9 3 Irrn/)(z, 0) 

2 = 



2 

&o(0,0) 2 



1 " 1 

1 y t 

12 A,- A fc A. d Zj dz k dz s 

2 S | Aj .| |A t | |A a | dzjdzjdzs {0) &z t dz t &z s (°) 6 °( ' ) 2 

1 v — > 1 



- ., f A/ 1 + A.. |) |Aj| | A s 



q+l<sj<n,l<t<q 

13 ^ a3^. fl3j. 



(o) ^ (o) + (o) 930 

Zjdzjdz s dz t dz t dz s dzjdzjdz s dz t dz t dz s 



I y I 

2„, 1 ^.,-^(|A*I + |A S |)(|A,| + |A S |)|A S | 



(4.32) q+l<s<n,l<j,t<q 



+ 



2 ^ s<q |A t | |A S | dZjdZjdz® " dz t dztdz s ^ )boM 

1 '""'h 



2 ^ (I A,- 1 + IAJ) |A t | |A S 

l<s,t<q,q+l<j<n vl 31 1 ul 11 



^ dztdztdzs ^ ^~ dzjdzidz* ^ dztdztdz^ ^ v ^ 



\dzjdzjdz s dztdz t dz s dzjdzjdz s dz t dz t dz, 

1 x 1 

+ 9 E 



(O K fl V (0)bo(0,0)^ 



dzjdzjdz s dz t dz t dz 



From <|PD)I . (gigi) , dH5]), (g2U), |gJ5D and some straight forward com- 

putations, we get the main result of this section 
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Theorem 4.6. For c in (|4. 1[) . we have 
(4.33) 



1/ y _l 



l<j,t<q 



\Xj \ I A t I dzjdzjdz t dz t 



(o)+ E 



d 4 



E 



q+l<j,t<n 

a 4 ^ 



I Aj I I A t I dzjdzj&ztdzt 



(0) 



lA.IIAtKIA.I + IAtD^-az^ztazt 



(0) 



E 



E 



i 

2 

1 

2 

9+l<j,s<n,l<t<ij 

3 £ ( 

<3+l<j,*<n,l<s<g 
1 

(|A t | + ^-1 + ^1)^11^1 

\ E ( 

1 

(|A t | + ^-1 + ^1)^1^ 
1 

4 ^ 



|A 3 |-|At| 



|A J -||A i |(|A i | + |A i |)(|A s | + |A J -|) 



|A,-|-|A t | 



|A,||At|(|A,| + |At|)(|A s | + |At|) 



dz s dzjdzt 
d 3 <j) 



|A t | 2 |A,| 2 



dz s dzjdzt 
, 1 



(0) 



(0) 



1 



N |A,| |A t | (|A t | + |A,| + |A S |)2 v| A | + | As | |A t | + |A S |- 



dz s dzjdzt 
M 2 |A/ 



(0) 



4 9+ i< s <M<i,t< 3 V l As l l A *l |At| (|At| + ^ + |As|) 1^1 + |As| |At| + |As| ' 



^ (o) 2 



cfz s dzjdzt 



- E 

4 ^ 

1<J',M 

1 E 



i 



<9 3 </> 



dz s dzjdz t 



(0) 



4 ^ |A,-||At||A s 



** (0)' 



dz s dzjdzt 
|A S | 



<9 3 



(0)^^(0) 



2 g +i<i,t<^,i<-< 9 1^1 |At| (|A ^ + |As|)(|At| + |As|) '02*0*02, 



E 



I A, 



930 (0)^(0) 



2 i<i,t<^i<.<n 1^1 |At| (|A ^ + |As|)(|At| + |As|) ^dz 3 dz s " 'dz t dz t dz, 



E 



1 



l<s,t<q,q+l<j<n 



(I Aj| + |A t |)(|Aj| + |A S |) |At| 



(o)^r(o) 



\dzjdzjdz s dztdz t dz 
1 
2 



930 (0)^^(0) 



E 



dzjdzjdz s dz t dz t dz 
1 



!<*<<}, g+l<j,s<n 



(|A j | + |A t |)(|A t | + |A s |)|A j 



(01 



<9 3 </> 



<9 3 </> 



0V 



a 3 ^ 



1 w^ ,0, ra: <0) + ^r< »ra:<»> 



5. The end of the proof of Theorem 11.31 
In this section, we will use the same notations as in section 1. Let 
F : A 1,0 T(C") -> A 1,0 T(C") ® A Pl,9l T*(C n ) 

and 

T : A^°T(C™)) -> A 1 '°T(C") ® A P2 <« 2 T*(C") 



be linear operaors, where Pi, <7i,2?2> ?2 £ Z, pi,q\,p2,qz > 0. We write F = 
( F j,k)l k=1 , Fj, k G AW'»T*(C»), 1 < j, fc < n, and T = (Tj >fe )" fe=1 , T iifc G 
A^>^T*(C n ), j,fc = l,...,n, as in (ILTd| . TF : A 1 - T(C n ) A 1 '°T(C") ® 
A pi+P2,9i+<?2 T *( C «) is the linear operator denned by TF-^- = E",j=i ^7 ® (^, s A 

F Sl fe), fe = 1, . . . , n. We have TF = (<Xj,fe)™ fe=r We can compute 
(5.1) a^ = ^T jiS A^eA^«+»r(n, ./•/•• 1 

8 = 1 

For p G C n , we may assume that p = and <f)(z) — Ylj=i A? \ z j\ 2 + ^(l z | 3 ) near 
and as before we suppose that Xj < 0, j = 1, . . . , q, and Aj > 0, j = q + 1, . . . , n. 
Let Af : C°°(C"; A 1 '°T(C n )) ->■ C°°(C"; A 1 '°T(C n )) be as in ffTTTQl) . We recall 

that ^=(aftr)" fc=1 - We have 



5 

(5.2) [/, = — at 0, j = 1, . . . , n, 



where j = 1, . . . , n, are given by (|1.2ip . Moreover, we have 

(5 ' 3) ( ^ l ^ ) ^ = ( ^ l ^ ) l^ = ^ fe|Ail at °' 3,k = l,-..,n, 

(5.4) (dZj \ dZk)\<i>\ = (d2j \ dzk)\4,\ = 6j t kjr-r at 0, j,k = l,...,n. 

\ A j\ 

Here 5,-^ = 1 if j = k, 8j lk = if j ^ k. For the definition of the Hermitian metrix 
( | )|0|, see the discussion after (|1.21D . 

Put M~ 1 {z) = (bj,k(z))™ k=1 . We claim that 

(5.5) b jlk (z) = 6 i±- tV E(^fV(°)^ + fl- f V W.) + 0(\A\ 

Xj XjX k ^\OZjOZkOZ s OZjOZkOZs ) 



j,k — l,...,n, near G C n . In fact, if we put B — [bj, k \ , bj >k = -jr^ 
xk^{wMerS°>* + arffe(O)^)- Then M * 5 = C < C = fewOjVn 

*=i r 

_Y> d 2 (j> /6 t ,k L_V7— (q) 8/3 & mr 

Szvflzt U V At A t A fc ^dztdz k dz a { )Zs dz t dz k dz s 1 JZ 



s— 1 



(5.6) =5 hk + 0{\z\ 2 ) 



Thus, B = M: 1 ^) + 0(\zf). QEM follows. 
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Let Q : A 1 '°T(C n ) -> A 1 '°T*(C") <g) A 1 '°T(C™) be as in (TOBl) . We write Q 
(Q],k)l k=1 , Q 3 A Z ) = ELi as!d£dz. (°)Qi,k,adz a at 0, where 



(5.7) 



|A fc |^(fc) + |A s |^( S ) 
|A,| 2 |A S | 2 , 1 



(lA^I + lAfcl + lA^^viA.-l + lA^I |A,| + |A S |' 



We recall that the definition of Sk(j) is given by (jl.24l) . Put dM^ 1 = (dj,fc)™ fe=1 . 
From (|5.5[) . we see that 



(5.8) 



- 1 d 3 4> 
^+ Aj Afc dzjdz k dz s 



at 0. Put dM7 x Q = {fj,kY jk = v From ([53]). (|5T8f . we see that 



(5-9) f k „ 



E - 



l<i,s,u<n 



AfcAt ' ' dz k dz t dz s ffztdz.dz^ 



at 0. As in section 1, put ej = —^=Uj, j = 1, . . . , n. From (|5.9[) . it is not difficult 

to see that 
(5.10) 



< {dM^ 1 Qe j | e k ) M , e 3 A e fc > (0) = - ^ - 

KKn k 1 ' J ' 



«9 3 </> 



j, fc = 1, . . . , n. From (|5.10[) and (|5.7p . it is straight forward to see that 
Proposition 5.1. We have that 



(0) 



< (dM^Qej | e fc ) W ,gj A e fc > (0) = £ -— i 



(5.11) 



|A 3 -| + |A fc | 



lA^ 2 |A fc | 2 



1 



<9 3 



&Zkdz t dz 



1 



•lAjl + lAfcl + IAtl (lAjl + lAfcl + IAtl^viA.-l + IAtl |A fe | + |A t | 
where q + 1 < j, fc < n, 
(5.12) 

* .<«>' 



< (dM^Qej | ejfe)|^|,ej A e fe > (0) = ^ 



1 

WW 



lA.I + IAfel 



|A;| 2 |Afe| 2 _ ( _ 1 



dzkdz t dz 



1 



■|A,l + |A fc | + |A t | (|A 3 -| + |A*| + ^1)3^^1 + 1^1 |A fc | + |At|' 
where I < j,k < q, 

< (dM^Qe, | efc),^,^ Ae fc > (0) 



(5.13) 



y 1 



I A, 



l<t<<3 

E 

q+l<t<n 



lAtllAj-HAjkllAtl + lA,-! 

1 [Afej 
lAtllA^IAfcHAtl + lAfcl 



dzkdzt&Zj 
d 3 cj) 



(0) 



dzkdz t dz 



=-(0) 



o2 



where <? + 1 < j < 1 < fc < <7, and 

< (BM^Qej | e k ) w ,ej A e k > (0) 



(5.14) 



E 

l<t<q 

E 



|A fe | 



|A t ||A;||A fc ||A t | + |A fc | 



<9 3 </> 



&z k dz t dzj 
d 3 (f> 



(0) 



(j+l<i<n 

where l<j<q, q + l<k<n 



|A t ||A,||A fc | |A t | + |A,-| 



dz k dz t dz. 



■(0) 



Let 8 : C*°°(C™; A 1,0 T(C n )) -> C°°(C"; A 1 ' 1 ! 1 *^") ® A X,0 T(C")) be as 
(H23J). We recall that 9 = (d6 j>k ) n k=1 = (G.,-, fe )™ fe=1 , where = fc-^ft 

^ = ( sis-dz ) • ^ * s no * difficult to see that 



™ i - a 1 



j,k = l,...,n. From (|5.15p . it is straight forward to see that 
Proposition 5.2. FFe /icwe that 

1 <9 4 (£ 



< (G^e, | e k ) w ,ej A e k > (0) 



(5.16) 



|Aj| |A fc | dzjdzjdzhdzf. 



(0) 



E 



i 



where q + 1 < j, k < n, 



dzjdz t dz k 



E 

t=q+l 



1 



|At||A 3 -||A fc | 



< (@cj,ej | e k ) w ,ej A e k > (0) 



c) 4 



(5.17) 



\Xj \ \ X k \ dzjdzjdzkdzk 



&Zjdz t dz k 



(0) 



E 



1 



^ |A t ||A,||A fc | 
where 1 < j, fc < q, 



dzjdz t dz k 



(0) 



E 

t=9+l 



|A t |M|A fe | 



<9 3 </> 



dzjdztdz k 



(0) 



< (Q^e, | efc)ui,ej A e fe > (0) = - 



1 



y 4 



(5.18) 



I Aj | |A fc | &z 3 dzjdz k dz k 



(0) 



E 



^|A t ||A,||A fc | 



«9 3 </> 



dzjdz t &z k 



(0) 



E 

t=g+l 



M|A,||A fe | 



&Zjdz t dz k 



where q + 1 < j < n, 1 < fc < and 



< (G^e,- | e fc )|^|,e i Ae& > (0) = 



<9 4 



(5.19) 



|Aj| |Afc| &z 3 dzjCfz k dz k 



(0) 



E 



<9 3 (/> 



dzjdzt&Zk 



(0) 



E 



t=g+l 



|A t |M|A fe | 



<9 3 </> 



dz~jdztdz k 



t |A t ||A,||A fe 
where l<j<q ; q + l<k<n. 
As in section 1, define 

i? = 9 - (dMT^Q : A 1,0 T(C n ) -> A 1 ' 1 T*(C n ) ® A 1,0 T(C n ) 
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From (prTTj) - ([57[31) and (j5Tll^ - ([5~l"71) . it is not difficult to see that 
(5.20) 



|A,-| + |A fe | 

If y _l 



< (Rej | e k ) w ,ej A e k > (0) 



_ 1 
~ 4 



G> 4 y> __L d 4 

, ; t \\j\\Xt\dzjdzjdzkdzk ^^^{XjWXkl &z 3 d Zj dz k dz k 



E 



W-lAfcl 



g+l<j<n,l<k<q ' Aj '' ' Afc ' ^ + ' Afc '^ 



(0) 



E 



„ J _,^|A,||A,|(|A i | + |A fc |)(|A s | + |A,|) 



+ 



E 



|A 3 |-|A fc | 



\ + i<^ >1 < fc <J A ^ i|Afc|(l ^ l + |Afc|)(iAs| + |Afc|) 



&z s dzjdz k 

d 3 ^ 



g + 1 < j A; < n , 1 < s < q 

1 



|A fc | 2 |A/ 



dz s dZjdZk 

1 



(0) 



|A s ||A i ||A fc |(|A )b | + |A j | + |A 5 |)2V|A i | + |A 5 | |A fc | + |A s | 



1 ) 2 



(I A fc | + 1^1 + ^.1)^11^1 



+ 



\ s (i 



dz s dzjdzj 



|A fe | 2 |A,| 2 



s azjuz k 



■(0) 



4 9+ i< s <tt<^< 9 V l A ^l I A JI l Afe l d Afe l + l A il + l As ') 2 N + l As > ' Afc l + 



1 



(lAfcl + IA.-l + lA.DlA.-HAfel 
f 



<9 3 </> 



1 E 

l<j,/c,s' 

f E 



4 i<^<J a ^i a ^i a «i 



t 



&z s dzjdz k 

** -<o) 2 



(0) 



dz s dzjdz k 



d 3 ^ 



4 ^ |Aj-| |A fc | |A» 



From (|5.7[) . we can check that 



(Q ej | ej) = ^S j {s)- 



(0) 



I A,, 



<9 3 </> 



lA.KIA.I + IA.D^az^z. 
at 0. From this, it is straight forward to see that 



(0)dz s 



E 

1 



I A, I 



lAjl + lAfc 



■Re(((2e, | e,-) | | e fc )|^>| (0) 



E 



(5.21) 



(0)^^(0) + ^^(0)^^(0) 



y&Zjdzjdz s dz k dz k dz s dzjdzjdz s dz k dz k dz 

1 x - 1 

2 



E 



!<*<,,^^<n (lA.I + IA.DdA.I + 1^1)^-1 

^ -(0)^^(0) + (tf 



dzjdzjdz s dz k dz k dz s dzjd Z jdz s dz k dz k dz s 



o4 



and 
(5.22) 

2 

1 ™ 

- ^(Qej | e 3 ) 

W 

= 1 y W g^_ (0 ) ^ (o) 

2 9+ i<^,i< s <, |Ajl |Afe| (|Ajl + |As|)(|Afc| + |As|) ^ dz ^ '^dz k 9z s y > 

+ 1 - y !*•! ^— (o) ^ (Q) 

Combining (|5~2"2"1) . (I5"^T|) and (f5T^U|) with (jOgji , Theorem O follows. 
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